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Abstract 
 
As non-invasive and non-contact sensing technologies, such as optical coherence 
tomography (OCT), optical topography, light detection and ranging (Lidar), optical 
sensing is widely used in medical examination, industry and military fields. 
Compared with ultrasound imaging, magnetic resonance imaging (MRI) and X-ray 
computed tomography (CT), these optical sensing technologies have the merits of 
high resolution, low cost and low risk. However, in the random media such as 
human tissue and atmospheric cloud, optical sensing cannot perform with high 
accuracy in wider range because of scattering and fluctuation. 
 In our previous work, we were focusing on improving light propagation efficiency 
in random media. By modulating the incident light wavefront as an annular beam 
and setting the detector to a narrow view angle, we achieved unique observation 
of an interfered center peak light at the propagation distance of a few tens of 
centimeters in random media. It had a higher propagation efficiency than the case 
of Gaussian beam propagation as the incident light. The result indicated a 
possibility of a new light propagation technology in random media. 
 In this thesis, we are working on controlling the generation of the interfered 
center peak light in random media from a polarized annular beam, and studying 
its propagation property. 
The annular beam is propagated in random media with the varies of propagation 
conditions, light sources and receiving conditions. From the polarization properties 
and the propagation characteristics of the center peak light, it is found that the 
center peak light is transformed from the interfered forward scattering light. By 
analyzing the experimental results, a method for optimizing the center peak light 
generation in random media was proposed, which was based on using forward 
multiple scattering weight α, the scattering coefficient σ and the transmittance 
curves of light propagation in random media. The phenomenon of the center peak 
light in random media was also discussed with the other phenomena of light 
enhanced in random media such as Anderson localization, random laser and so on. 
To analyze the propagation properties of the annular beam in random media and 
verify the scattering waveform obtained in the experiments, a new wavefront 
analysis method based on geometric optics approximation was proposed. A 
simplified geometric optics approximation and an iterative calculation were 
adopted. The scattered waveforms at the optical axis under 20 cm propagation 
distance and different media concentrations were calculated. The numerical 
analysis coincides with the experimental results. 
 For clarifying the composition and the characteristics of the scattered waveform 
generated in random media, a theoretical analysis based on diffusion theory and 
Fresnel’s diffraction theory was conducted. The annular beam propagation in 
random media was analyzed. It is found that the scattered waveform obtained in 
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the random media consists of the forward scattering light and the multiple 
scattering light, and the forward scattering light contributes to the center peak 
light, which has an intensity distribution similar with a quasi-Bessel beam. The 
analysis result shows agreement with the experimental result. The condition for 
generating the center peak light in random media was discussed. 
 The annular beam propagation in random media was studied through experiment 
and analysis, and we accomplished controlling the generation of the center 
interference beam in random media. The propagation characteristics of the 
annular beam in random media are excepted to be applied to the remote sensing 
in thick atmospheric cloud. This study is also expected to be applied as a probe in 
media concentration test or human tissue pathology examination in medical field. 
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1 Introduction  
 
In this chapter, it mainly introduces optical sensing and the challenge of its 
application in random media. The light propagation control in random media is 
presented in Sec.1.2 and Sec.1.3. Our previous work about the light propagation 
control is addressed in Sec.1.4 and 1.5. The purpose of this study is presented in 
Sec.1.6. Finally, the scope of the thesis is addressed in Sec.1.7.  
 
1.1 Optical sensing in random media 
 
Optical sensing is a kind of non-invasive and non-contact sensing technology using 
light to detect the targets. Similar with other sensing technologies such as radar, 
it can locate the position and identify the optical characteristics of the targets by 
measuring the time of flight and the intensity variation of the receiving signal. Fig. 
1.1 shows the principle of Lidar (Light Detection And Ranging) sensing1, which is 
one of the optical sensing technologies. 
 
 
 
 
 
 
 
Fig. 1.1 The process of optical sensing (lidar system). 
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The main difference between optical sensing and the other sensing technologies 
is that optical sensing uses light as the transmitting signal. There are so many 
merits in comparison with the other sensing technologies. As an exmaple, optical 
sensing provides a higher resolution than ultrasound imaging2 because light has a 
shorter wavelength. Compare to the X-ray computed tomography3, optical sensing 
is safer for human examination. Although magnetic resonance imaging4 provides 
a high-resolution imaging, it is costly when the system is conducted. Optical 
sensing is a low-cost choice in industrial applications. 
For these reasons, many optical sensing technologies are now flourishing in 
medical examination, industry, environment and military fields, such as optical 
coherence tomography, light detecting and ranging, and optical topography5–12. 
Thus, optical sensing plays an important role in remote sensing. 
For the aforementioned merits, optical sensing is applied widely. However, in the 
random media such as human tissue and atmospheric cloud13–20, light sensing 
cannot perform with high accuracy and in wider range because of scattering and 
fluctuation in random media as shown in Fig. 1.2. 
 
 
 
 
 
 
 
 
 
 
Fig. 1.2 The air fluctuation and scattering in lidar measurement. 
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Usually, random media is called colloidal suspension, which contains scattering 
particles that can scatter and absorb light. It is also defined widely as the media 
with fluctuation in spatial or temporal domain. In this thesis, the random media 
we discussed only include the media which scatters light. Because for our research 
target of the random media model (diluted milk solution), compared to the 
scattering, the absorption in the media is quite small, so that it can be ignored. 
The effect caused by the fluctuation in random media is also removed by 
accumulation. The scattering, absorption and fluctuation are defined as follows: 
Scattering is a general physical process that light is forced to deviate from a 
straight trajectory by one or more paths due to localized non-uniformities in the 
medium through which they pass21,22. Scattering makes light disperse widely, and 
lose most of its energy in the original propagation direction. The scattering by the 
random particles in random media causes a low sensing coefficient and a short 
sensing range.  
Light absorption is the way in which the energy of a photon is taken up by matter, 
typically the electrons of an atom. Thus, the electromagnetic energy is transformed 
into internal energy of the absorber, for example thermal energy22. 
Random media is also defined widely as the media with fluctuation in spatial or 
temporal domain. The fluctuation means that a factor, which has a distribution or 
strength such as energy, concentration or voltage, changes its value from the 
average value in spatial or temporal domain23–26. For light propagation, the 
fluctuation of the media can affect the propagation property of the light. In this 
case, the wavefront of the sensing light distorts when it propagates in such random 
media. This in turn, affects the accuracy of the measurement. 
To solve these problems, it is necessary to control the light propagation when the 
light is transmitted into the random media. There are many ways to achieve this 
goal, such as modulation of the transmitting light, controlling (adjusting) the 
condition of the media or using some special way to detect the echo signal from the 
target. There are some examples that are introduced in Sec. 1.2 and 1.3. 
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1.2 Light propagation control in random media 
 
As mentioned in Sec.1.1, light has a low propagation efficiency and it distorts when 
it propagates in random media. According to the reasons mentioned above, there 
are several ways to control the light propagation in random media, so that light 
propagation efficiency and propagation stability can be improved.  
Generally, for the random media, which contains particles, light loses most of it 
energy when it is scattered in it. However, in some cases, through the light 
propagation control, the light can be enhanced in some special locations of the 
random media by multiple scattering. The typical phenomena are Anderson 
localization and random laser. In the media which contain the random particles 
which scatters light, if the size and the concentration of the particles are adjusted 
to a certain value, light localization due to multiple scattering and interference can 
be observed. This phenomenon is called Anderson localization27–31. Random laser32–
35 is also another phenomenon to utilize the multiple scattering in random media. 
By exciting the random media solution, which contain the random particles as the 
laser dye, it is found a light emitting phenomenon which is similar with the laser. 
While the exciting strength is over a certain threshold level, the spectrum of the 
emitting light becomes narrow, and the pulse width becomes short. These two 
phenomena reveal a way to enhance the scattered light by controlling the multiple 
scattering in random media. The detail of the Anderson localization and random 
laser is addressed in Chap. 2. 
As defined in Sec. 1.1, the media which has random density distribution in spatial 
and temporal domain is also called random media. The wavefront of the light 
distorts when it propagates in such random media. The wavefront distortion in 
light propagation is an issue that causes inaccuracy in optical sensing. In this case, 
transmitting light modulation is one of the ways to solve this problem. 
Transmitting light modulation uses the propagation property of the modulated 
wavefront to prevent the light distortion due to the random density distribution 
media. Usually, modulating the transmitting light into a quasi-Bessel beam is 
helpful to keep the stability of light propagation. The details of the transmitting 
light modulation are presented in Sec. 1.3.  
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1.3 Light propagation control in atmospheric fluctuation 
 
The atmospheric fluctuation also makes the wavefront distort when the optical 
sensing is performed in air. As mentioned in Sec.1.2, modulating the transmitting 
light into a quasi-Bessel beam is helpful to keep the wavefront of the light. In this 
section, detail of Bessel beam and its application in preventing atmospheric 
fluctuation are mentioned. 
 Bessel beam is also called non-diffractive beam, which has an intensity 
distribution like the Bessel function. This intensity distribution can be kept while 
this beam propagates at a long distance36–40. Most of its power focus in its main-
lobe.  
However, an ideal Bessel beam transport an infinite energy when it propagates.  
This could not be realized in experiment. Usually, a quasi- Bessel beam can be 
created in the lab. The quasi- Bessel beam can maintain the propagation property 
of the non-diffractive beam in a certain distance, but it is not perfect. Nevertheless, 
it also has a better performance than the normal collimated beam and focused 
beam. 
A quasi-Bessel beam can be created by an active way and a passive way.  The 
active way often uses optical elements to change the wavefront and makes a quasi- 
Bessel beam41–46. For example, a combination of a convex lens and a concave lens 
with minus distortion or an axicon prism can be used to create a quasi- Bessel 
beam. The passive way on the other hand, creates a quasi- Bessel beam by 
propagating a certain wavefront in a certain distance47–51. An annular beam with 
a diameter of 40mm transforms into a quasi- Bessel beam after it propagates 200m 
in air.  
 The non-diffractive beam and its application in preventing atmospheric 
fluctuation has been researched from the 1980s. Many studies had reported that, 
the main-lobe of the non-diffractive beam has higher stability of propagation 
compared with the side-lobe for the media which has random density 
distribution23,41,52–54. The width of the main-lobe is narrower than the width of the 
diffracting limitation. This can realize a high resolution optical sensing. There are 
also studies demonstrating that, non-diffractive beam has a function of self-
recovery while it propagates in air55–60.  
 For these merits, non-diffractive beam is a good way for optical sensing. In our 
previous work, we also tried to apply the non-diffractive beam in atmospheric 
measurement with the use of a lidar system. The detail is presented in Sec. 1.4. 
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1.4 Annular beam applied in lidar measurement 
 
In our previous work, we tried to apply the annular beam in lidar atmospheric 
measurement, which can transform into a quasi-Bessel beam when it propagates 
a long distance in air. 
 Firstly, propagation stability of annular beam was compared with the Gaussian 
beam. The experimental setup is shown in Fig. 1.3. To create the two beams, the 
same light source was used, which was divided into two parts by a beam splitter. 
The annular beam was created by a pair of Axicon prisms and a beam expander, 
and the Gaussian beam was extended by only a beam expander. The two beams 
were propagated at a long distance (100 - 400 m) and detected simultaneously with 
the same aperture optics and Photodiodes (PDs).  
  
 
 
 
 
 
 
Fig. 1.3 Experimental setup for long-range beam propagation. 
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The experimental measurement results are shown in Fig. 1.4. The average values 
of the measurement results were normalized to 1. It shows that, though the 
measurement signal from Gaussian beam became noisy due to the air fluctuation, 
while the measurement signal from the annular beam was kept stable after the 
annular beam propagated a long distance of a few hundred meters. It is considered 
that, the annular beam transformed into a quasi-Bessel beam after it propagated 
a long distance, and the quasi-Bessel beam had a higher propagation stability than 
the Gaussian beam under the influence of the air fluctuation. 
 
 
                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    
Fig. 1.4 Results for long-range beam propagation: 
(a)Annular beam; (b)Gaussian beam. 
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 After we confirmed the propagation stability of the annular beam in air, we tried 
to apply it to an in-line lidar measurement system, and the system is shown in Fig. 
1.5. In this system, a pair of Axicon prisms were placed in front of collimated lens 
and special filter so that an annular beam can be created and directed to the 
telescope efficiently. The annular beam propagates with less-diffraction stably, and 
the field of view of the receiver can be narrowed. Using an annular beam has a 
good propagation stability when the measurement target is the atmosphere at a 
long distance. However, for measurement of cloud, the transmitting beam (annular 
beam) is scattered strongly, which is the same with the case of using Gaussian 
beam as the transmitting beam. To answer this problem, we used a random media 
model, in which the scattering particle size and concentration can be controlled, to 
investigate how to propagate the annular beam efficiently in the random media. 
The detail is presented in Sec. 1.5. 
 
 
 
 
 
 
 
Fig. 1.5 Annular beam applied in lidar measurement system.  
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1.5 Annular beam propagation in random media 
 
By using an annular beam as an incident beam, we achieved in creating a special 
scattered waveform with a center peak in random media (diluted milk) at a short 
distance of 20 cm. However, this phenomenon only appeared in the random media 
of certain range of concentrations. Figure 1.6 shows the scattered waveform 
obtained in our previous work. It is different from a waveform of spherical 
distribution, there is a peak in the center of the waveform. Compared to the 
isotropic scattered light, the light on the center has a high propagation efficiency. 
It also has a high resolution compared with the transmitting annular beam. 
However, the reason how the center peak was created in random media was not 
clarified in our previous work. To clarify the reason and the process of the 
generation of the center peak light is one of the purpose in this thesis. 
 
 
 
 
 
 
 
Fig. 1.6 Scattered waveform with a center peak in random media. 
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1.6 Purpose of the thesis 
 
In this thesis, we are focusing on the following points: 
 
i. Controlling and optimizing the center peak light in random media. 
Although, we achieved in creating the center peak in random media in our 
previous work, in this study, we worked on how to find an effective way to generate 
the scattered waveform with high center peak intensity, and conclude the 
optimization method of the center peak light generation based from the 
experimental results. 
 
ii. Analyzing the components of the scattered waveform and clarifying the 
process of the center peak light generation. 
Clarifying the components and the process of the center peak light generation can 
help us understand the properties of the scattered light in random media and 
control the light propagation effectively in random media. A numerical calculation 
based on geometrical optics approximation and a theoretical analysis based on 
diffusion theory were performed in this study. 
 
iii. Definition of the center peak light transformed in random media. 
The phenomenon of the generation of the center peak light in random media need 
to be clarified as mentioned in Sec. 1.5. We investigated the propagation properties 
and waveform characteristics of the annular beam propagation in random media, 
and compared them with the other light enhanced phenomena in random media 
such as interference, Anderson localization and random laser. 
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1.7 Scope of the thesis 
 
There are six chapters in this thesis, and the introduction is presented in this 
chapter. 
 Chapter 2 presents the theories of light scattering in random media. The theory 
of general beam propagation in air in Sec. 2.1. Single scattering, multiple 
scattering and their properties are introduced in Sec. 2.2. The basics of Anderson 
localization and random laser are presented in Sec. 2.3 and 2.4Section 2.5 presents 
the optical property of the random media. Section 2.6, 2.7 and 2.8 review Mie 
scattering theory, geometric optics approximation, and the diffusion theory 
(transport equation).  
Chapter 3 presents the experiment results and discussion of an annular beam 
propagation in random media. Section 3.1 presents the experimental optical 
system. Section 3.2 presents the property of annular beam propagation in random 
media with different conditions. The optimization of the center peak light of 
scattered waveform in random media is discussed in Sec. 3.3.  
 Chapter 4 mainly presents numerical calculation of annular beam propagation 
characteristics in random media based on geometric optics approximation. The 
model of the single scattering and multiple scattering are presented in Sec. 4.1 and 
4.2, respectively. Section 4.3 presents the calculation results of the single 
scattering model. Section 4.4 presents the results of the scattering waveform in 
random media. Section 4.5 discuss the variation of the center peak light in random 
media with respect to the concentration variation. 
 In chapter 5, the generation of the center peak light transformed from annular 
beam in random media is analyzed by using diffusion theory. Sec. 5.1 reviews the 
relationship between forward scattering light and non-diffractive beam in random 
media. The analysis algorithm is introduced in Sec. 5.2. The Gaussian beam 
propagation in random media is analyzed in Sec. 5.3. The generated center peak 
light and total scattering waveform are analyzed in Sec. 5.4 and 5.5. The 
propagation property in air of the center peak light is analyzed in Sec.5.6. Section 
5.7 discussed the optimization condition to generate the center peak light in 
random media.   
 General conclusions of the thesis are presented in Chap. 6. 
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2 Theories of light scattering in random media 
 
In this chapter, the general light propagation and control of light propagation in 
free space are presented in Sec. 2.1. Then, the types of light scattering in random 
media, and the phenomena of light enhanced (Anderson localization and random 
laser) in random media are introduced in Sec. 2.2, 2.3 and 2.4, respectively. The 
scattering characteristics of the random media used in this study are presented in 
Sec. 2.5. To end this chapter, the theories of the methods for analyzing light 
scattering in random media (Mie theory, geometrical optics approximation, and 
diffusion theory) are reviewed in Sec. 2.6, 2.7 and 2.8.  
 
2.1 Light propagation and control in free space 
 
Generally, light diffracts while it propagates in free space. According to the 
Huygens–Fresnel principle61–63, wavefront of the light can be considered as 
secondary waves, and the forward traveling wave can be considered as the 
combination of these secondary waves as shown in Fig. 2.1. The diffraction also 
can be explained by this principle. 
 
 
 
 Although this principle cannot derive the intensity distribution of diffracted light, 
Fresnel considered the diffraction as one kind of interference64, therefore the 
diffraction intensity distribution can be calculated. 
 Consider f (x, y) as the aperture function of the plane wave; R is the distance from 
incident plane to the output plane. The amplitude on the output plane u (x′, y′) can 
be expressed as the integration of light propagated through the aperture as shown 
in Eq. (2.1) 
 
𝑢(𝑥′, 𝑦′) =
𝐴
𝑖𝜆
∬
𝑓(𝑥,𝑦)
𝑅
𝑒𝑖𝑘√𝑅
2+(𝑥−𝑥′)2+(𝑦−𝑦′)2𝑑𝑥𝑑𝑦             (2.1) 
Incident wavefront
Propagated wavefrontSecondary wave
Propagation direction
Fig. 2.1 Huygens–Fresnel principle 
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f (x, y) is aperture function; A is amplitude; i is imaginary unit; R is the distance 
from incident plane to the output plane; x is the wavelength; (x, y) is the coordinate 
on the incident plane; (x′, y′) is the coordinate on the output plane. The relationship 
among the parameters is shown in Fig. 2.2. 
Fresnel diffraction occurs in the case that the size of the aperture is quite smaller 
than the distance R, which is expressed as follow:  
 
𝑅3 ≫
1
8𝜆
[(𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2]2                       (2.2) 
 
In this case, Eq. (2.2) can be expressed simply as Eq. (2.3) 
 
𝑢(𝑥′, 𝑦′) =
𝐴
𝑖𝜆𝑅
𝑒𝑖𝑘𝑅 ∬ 𝑓(𝑥, 𝑦) 𝑒
𝑖𝑘
2𝑅
[(𝑥−𝑥′)2+(𝑦−𝑦′)2]𝑑𝑥𝑑𝑦              (2.3) 
 
by using Fresnel diffraction equation, the light propagation intensity distribution 
can be calculated.  
 
 
 
 
 
 
 
 
Fig. 2.2 Coordinate system for Fresnel diffraction 
 
 
 
 
 
R
(x, y)
(x’, y’)
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 Figure 2.3 shows the intensity distribution of the Gaussian beam propagation at 
210 m in air65. Because of the diffraction, Gaussian beam spread widely after a 
long-distance propagation and the center area, which is equivalent to the area of 
the transmitting light, loses most of the energy. This is the reason that diffraction 
makes light propagation in low efficiency. 
 
 
 
Fig. 2.3 Gaussian beam propagation in air. 
 
 
 
For high propagation efficiency, the light propagation needs to be controlled. 
Using Bessel beam is one of the better option. Bessel beam is one kind of non-
diffractive beam, which does not spread as the it propagates in air. Bessel beam 
can achieve a higher resolution that exceed the diffraction limit by utilizing its 
non-diffraction propagation. 
 First, considering a plane wave which does not change its intensity distribution 
as follows: 
 
𝑢(𝑟) = 𝑓(𝑥, 𝑦)exp(−𝑖𝛽𝑧)                         (2.4) 
 
assignment Eq. (2.4) in Helmholtz equation and we can get the equation as follows: 
 
(
𝜕2
𝜕𝑥2
+
𝜕2
𝜕𝑦2
) 𝑓 + (𝑘2 − 𝛽2)𝑓 = 0                    (2.5) 
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by using polar coordinates (r, θ) to solve Eq. (2.5), we can get the following solution: 
 
𝑓(𝑟, 𝜃) = 𝐴𝑚𝐽𝑚(𝑘𝑡𝑟)exp(−𝑖𝑚𝜃)                   (2.6) 
 
where Jm(ktr) is the Bessel function of the first kind, kt2=k2-β2, while m = 0, 
 
𝑢(𝑟, 𝑧) = 𝐴0𝐽0(𝑘𝑡𝑟)exp(−𝑖𝛽𝑧)                    (2.7) 
 
This mode is called Bessel beam, and its intensity distribution is as follow: 
 
𝐼(𝑟) = 𝐼0[𝐽0(𝑘𝑡𝑟)
2]                           (2.8) 
 
From this equation, we can infer that the intensity distribution would not change 
as the propagation distance z increases. It is different from Gaussian beam, which 
would spread as it propagates in media because of diffraction.  
To create Bessel beam, infinite energy is necessary. It is not accessible. For 
application, we usually create the quasi-Bessel beam, and its intensity distribution 
is shown in Fig. 2.4.  
As one of the methods for generating a quasi-Bessel beam, we can use a collimated 
Gaussian beam and an Axicon lens. This is called active method. On the other hand, 
a quasi-Bessel beam can be transformed from a certain mode such as an annular 
beam after it propagates at a long distance. This is called the passive method. 
 
 
 
Fig. 2.4 Intensity distribution of quasi-Bessel beam. 
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In our study, we focused on the annular beam. It can be transformed into the non-
diffractive beam after it propagates a long distance. The annular beam can be 
simply created by a pair of Axicon prisms. By using this method, the polarization 
of the annular beam could keep the same polarization with the incident beam. The 
process of transformation of annular beam is shown in Fig. 2.5. 
 
 
 
 
 
Fig. 2.5 Generation of annular beam from Gaussian beam 
 
 
 
The intensity of the Gaussian beam can be expressed as in Eq. (2.9),  
 
𝑔(𝑟) =
1
𝜋ℎ2
exp [− (
𝑟
ℎ
)
2
]                         (2.9) 
 
 Considering the conservation of the light, it has a relation as follows:  
 
|𝑎2(𝑟)| ∙ 2𝜋𝑟𝑑𝑟 = |𝑔2(𝑅 − 𝑟)| ∙ 2𝜋(𝑅 − 𝑟)𝑑𝑟               (2.10) 
 
and the transformation function from an incident beam to an annular beam a(r) is 
derived as Eq. (2.11) 
 
𝑎(𝑟) = √
𝑅−𝑟
𝑟
𝑔(𝑅 − 𝑟)                         (2.11) 
 
where g(r) is the intensity of an incident beam with Gaussian distribution, and a(r) 
is the intensity function of an output annular beam; h is the distance from the 
center to the position where the intensity of the Gaussian beam becomes 1/e2 of the 
center value; R is the external radius of the annular beam that is determined by 
the interval between Axicon prisms, and r is the internal radius of the annular 
beam. 
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Figure 2.6 shows that the annular beam of 40 mm in diameter transforms into a 
non-diffractive beam after it propagates at 210 m in air. We can infer that, the 
central intensity consists almost all of its energy, which is different from the 
propagation of Gaussian beam. This beam is the quasi-Bessel beam mentioned 
above. 
 
 
 
 
 
 
 
Fig. 2.6 Annular beam propagation in air. 
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2.2 Scattering in random media 
 
The intensity of the light will become weak when it propagates in random media 
because of the scattering, which is caused by the particles in random media. 
 When the number of particles per unit volume is small, the random medium is 
considered as a macro view and the transmittance can be calculated. Consider a 
random medium in which there are n scattering particles with scattering cross 
section Q per unit volume as shown in Fig. 2.7. When the light of intensity I is 
emitted into the random medium with the unit area and the thickness dz, the 
decreased light intensity dI is equivalent to the light intensity scattered by n × dz 
particles, which can be expressed as follows: 
 
−𝑑𝐼 = 𝐼𝜋𝑟2𝑄𝑛𝑑𝑧 = 𝐼/𝐿𝑑𝑧            (2.12) 
 
The following equation can be obtained by integrating the Eq. (2.12) as a relational 
expression of the incident light intensity I0 and the transmitted light intensity I 
when light propagates at a distance z in the random medium. 
 
              
𝐼 = 𝐼0exp(−𝑧/𝐿)                              (2.13) 
 
the transmittance rate can be expressed as  
 
𝑇 =
𝐼
𝐼0
=exp(−𝑧/𝐿)                              (2.14) 
 
This exponential decay is called Lambert-Beer's law.  
 
 
 
 
Fig. 2.7 Light propagation at a short distance. 
  
1m
1m
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I
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 In the case of the random medium that has a very low particle concentration, the 
attenuation of the scattered light follows the Lambert-Beer law, that is, once the 
straight light is scattered, as shown in Fig. 2.8, the scattered light does not return 
back to the forward direction. 
When light propagates inside the random medium which has a high concentration, 
it scatters several times in the random media as shown in Fig. 2.9. Among the 
scattered light, a certain part of the scattered light returns to the forward direction 
and it is counted as the transmitted light. The multiple scattering light intensity 
including the forward scattering light is larger than that of the calculated by a 
single scattering. α is the part which return to the forward direction due to the 
multiple scattering. In some case, the part of α is possible to enhance the light 
emission in some special locations in random media. It is presented in detail as the 
phenomena of Anderson localization and random laser in Sec. 2.3 and 2.4. 
 
 
 
Fig. 2.8 Single scattering. 
 
 
 
Fig. 2.9 Multiple scattering. 
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2.3 Anderson localization 
 
In the media which contains the random particles spatially, if the size and the 
concentration of the particles are adjusted to a certain value, light localization due 
to multiple scattering and interference can be observed, which is shown in Fig. 
2.10. This phenomenon is called Anderson localization27–31. 
 
Fig. 2.10 Schematic diagram of the light localization. 
 
In fact, if the condition is met, all kinds of waves, such as sound wave, micro wave, 
and light, they can cause the Anderson localization. The Anderson localization of 
all the matter waves had been observed66–73. 
 The photon walks randomly in the random media because of the existence of 
random particles. The distribution of the photons abides by the diffusion equation. 
In this case, the diffusion constant can be calculated by the following steps. 
Considering the light is scattered once in average time ofthe propagated 
distance until the next scattering will be written as l = cScattering will occur 
t/times in time t. The light is scattered in random direction, and most of the 
scattering is cancelled. Considering the light flies in a certain direction for only 
(t/times, the distance from the start point to the end point is the diffusion 
length LD = l × (t/. Because the diffusion constant is defined by the diffusion 
length LD = (2Dt D can be expressed as  
 
𝐷 =
𝑐2𝜏
2
=
𝑐𝑙
2
                            (2.15) 
 
The diffusion constant will not be zero until the mean free path becomes zero.  
 However, in the case of that, the particle concentration of in random media 
becomes very high, the diffusion constant becomes to zero in some areas of the 
random media. When the light propagating in these areas, complicated 
interference occurs, and a standing wave is created in these areas. If you consider 
a tetrapod placed in the seaside, the sea wave will not reach to the sea beach 
because of the scattering. This phenomenon is similar with the Anderson 
localization. 
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2.4 Random laser 
 
Random laser was defined by Lawandy in 199432,74,75. By exciting the methanol 
solution, which contains TiO particles as the laser dye, they found a light emitting 
phenomenon which is similar with the laser. While the exciting is over a certain 
threshold level, the spectrum of the emitting light becomes narrow, and the pulse 
width becomes short. This phenomenon is called as random laser. 
 Multiple scattering occurs while the light propagates in the solution which 
contains TiO. If the solution is large enough, light will repeat to scatter several 
times until it flies out the medium. In this case, the optical paths of a part of 
photons become long and these photons are impounded in the solution in a long 
time. In this condition, the amplification of the scattered light in certain 
wavelength range exceeds the attenuation. The amplified light is emitted like the 
laser. This is the basic image of the random laser. The randomness in the laser dye 
solution is a very important factor for the random laser. 
 By now, the optical device using dependent on the randomness is not common. 
The random laser is a quite unique existence. Generally, random laser 
phenomenon occurs under the following the conditions35: 
i. The light must be randomly scattered in multiple times, and amplified by the 
stimulated emission. 
ii. The light must be excited up to the threshold level, which make the 
amplification exceeds the attenuation in a certain wavelength range due to the 
multiple scattering. 
 Figure 2.11 shows the schematic diagram of a random laser. To cause the multiple 
scattering in random media, the size of the random particles in the solution must 
be 1/10 of the wavelength. The emission amplification can be triggered by the 
media around the random particles or the random particles themselves. 
 
 
 
 
Fig. 2.11 Schematic diagram of the random laser. 
Amplifying 
media
Random 
particles
Laser light
Exciting 
energy
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Generally, there are two types of random lasers, called random lasing with non-
resonant feedback (incoherent intensity), and random lasing with resonant 
feedback (coherent field). The emission spectrum of these two types of random 
lasers are shown in Fig. 2.12.  
 
 
 
 
(a) random lasing with non-resonant feedback (incoherent, intensity). 
 
 
(b) random lasing with resonant feedback (coherent, field). 
 
Fig. 2.12 The emission spectrum of these two types of random lasers76. 
 
 
23 
 
 For the non-resonant type random laser, because the amplification gain in 
random media is dependent on the wavelength, the light with the wavelength 
which has the highest gain will reach a threshold level first, and after that the 
light with different wavelengths will also reach the threshold level. The spectrum 
of the random laser has a peak in the wavelength with the highest gain as shown 
in Fig. 2.12(a). The width of the peak becomes narrow as the exciting strength 
becomes high.  
 However, Cao’s group found a random laser phenomenon which cannot be 
explained by the theory above. This random laser is resonant type77–80. For this 
type of random laser, there are many spikes in the spectrum as shown in Fig. 
2.12(b), and each spike only has a width of 0.2 nm below. The narrow spike in the 
spectrum should be explained with the light coherence, which is similar with the 
resonating valence bond of the laser. Before, most of researchers considered this 
phenomenon as the Anderson localization, however, the random laser could be 
observed even if it did not meet the conditions of Anderson localization. But now, 
most of the researchers explained this phenomenon as part of the multiple 
scattered light in random media is coherent, and it creates a complicated 
interference pattern due to the random refractive index distribution in the random 
media. The spike pattern is dependent on the refractive index distribution of the 
random media. However, the spike pattern is random, and the phase of the light 
which can interfere each other is not random. According to this principle, when the 
scattered light has a certain phase, it can interfere with the other light, which is 
similar with the resonating valence bond of the laser. Vanneste demonstrated this 
model by a simulation81. However, this model has a low efficiency because the light 
amplifies over the hole random media, and most of the light goes out the media 
after several times of scattering.  
 It is different from a general laser, random laser has a random directivity. There 
are several points emitting strongly which is dependent on the phase distribution. 
The random laser has multiple mode in temporal and spatial. It seems like that 
light is emitted in every direction if the multiple mode patterns are overlapped 
with each other. However, the temporal coherence of the random laser is longer 
than a LED, but shorter than a single mode laser. The coherence of the random 
laser can be controlled by adjusting the amplification strength, excitation strength 
and the excitation range of the media. This is one of the characteristics of random 
media. 
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2.5 Optical property of the random media 
 
Random media is the suspension which includes particles which scatter light. In 
this study, processed milk was used as the random media, the scattering caused 
by the fat particles is dominant in this suspension. The strength of the scattering 
can be adjusted by diluting the milk at different concentrations. 
 In this random media, the main scattering materials are milk fat globules with 
an average particle diameter of 1.1 μm and proteins called casein with an average 
particle diameter of 0.1 μm. Table 2.1 shows the parameter of these two scatters 
in the milk. Since the absorption coefficient in the 40% diluted solution of milk is 
very small as 0.006682, absorption is ignored in this study. 
Although there are 1.5% and 2.4% of milk fat and casein respectively, the 
scattering intensity caused by one milk fat is about 100 times to the scattering 
intensity caused by casein, since the particle size of casein is about 1/10 of the milk 
fat. The scattering intensity distributions are shown in Fig. 2.13. The forward 
scattered light intensity of milk fat is almost in the forward direction, the value of 
its anisotropic parameter g is 0.936. On the other hand, the scattering light caused 
by casein is almost isotropic scattering and the value of g is close to zero. Therefore, 
compared with the milk fat, the contribution to the forward scattering by casein is 
very small, which can be ignored. And forward scattering light caused by milk fat 
is dominant.  
When multiple scattering occurs in casein, the scattered light cannot maintain 
the polarization characteristics and the coherence. For the scattered light caused 
by milk fat, there is still a part of light in the forward direction, because the most 
energy of light is concentrated in the forward direction when light is scattered by 
milk fat. This part of forward scattered light can keep its characteristics of 
polarizability and phase.  
 
 
 
 
 
 
Table 2.1 Parameters of the scatters in processed milk  
(Low fat processed milk: Takanashi milk products Co.,Ltd.) 
 
Parameters Diameter Refractive index Percentage 
Milk fat 1.1 μm 1.45 1.8 % 
Casein 0.1 μm 1.55 2.4 % 
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(a) Milk fat 
 
 
(b) Casein 
 
Fig. 2.13 Scattering intensity distribution of milk fat and casein. 
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2.6 Mie theory 
 
The Mie theory is also known as the Lorenz–Mie solution, the Lorenz–Mie–Debye 
solution or Mie scattering21,22,83,84. It describes the scattering of an electromagnetic 
plane wave by a homogeneous sphere. The solution is based on Maxwell's 
equations, which takes the form of an infinite series of spherical multiple partial 
waves. The term of Mie solution is also used for solutions of Maxwell's equations 
for scattering by stratified spheres or by infinite cylinders, or other geometries 
where one can write separate equations for the radial and angular dependence of 
solutions. The term Mie theory is sometimes used for this collection of solutions 
and methods, and it does not refer to an independent physical theory or law. 
 The scatter in random media we studied is larger than the wavelength of the light 
source, so that Mie scattering occurs when the light propagates in random media. 
Although we did not use the Mie theory directly to analyze the light propagation 
in random media in this study, the analyzed results were compared with the 
results calculated by Mie theory as a reference. 
 
The intensity of the Mie scattering can be written as  
 
𝐼 =
𝜆2
4𝜋2𝑟2
[𝑖1(𝜃)𝐼𝑟0+𝑖2(𝜃)𝐼𝑙0]                        (2.16) 
 
The function of the scattering amplitude can be expressed as  
 
𝑆1(𝜃) = ∑
2𝑙+1
𝑙(𝑙+1)
(𝑎𝑙𝜋𝑙 + 𝑏𝑙𝜏𝑙)
∞
𝑙=1                       (2.17) 
𝑆2(𝜃) = ∑
2𝑙+1
𝑙(𝑙+1)
(𝑎𝑙𝜏𝑙 + 𝑏𝑙𝜋𝑙)
∞
𝑙=1                       (2.18) 
 
 
The function of scattering intensity  
 
𝑖1(𝜃) = |𝑆1(𝜃)|
2                          (2.19) 
𝑖2(𝜃) = |𝑆2(𝜃)|
2                          (2.20) 
 
 
where θ is scattering angle; r is the distance from the center of the particle to the 
observation point; λ is wavelength of the light source. al and bl are called Mie 
coefficients. They depend on the size of the particles and the refractive index of the 
particles and media. They can be expressed as  
 
𝑎𝑙 =
𝜓𝑙(𝛼)𝜓𝑙
′(𝛽)−𝑚𝜓𝑙
′(𝛼)𝜓𝑙(𝛽)
𝜁 𝑙(𝛼)𝜓𝑙
′(𝛽)−𝑚𝜁𝑙
′(𝛼)𝜓𝑙(𝛽)
                      (2.21) 
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𝑏𝑙 =
𝑚𝜓𝑙(𝛼)𝜓𝑙
′(𝛽)−𝜓𝑙
′(𝛼)𝜓𝑙(𝛽)
𝑚𝜁 𝑙(𝛼)𝜓𝑙
′(𝛽)−𝜁𝑙
′(𝛼)𝜓𝑙(𝛽)
                         (2.22) 
𝜓𝑙 = (
𝜋𝛼
2
)
1/2
𝐽𝑙+1/2(𝛼)                            (2.23) 
𝜒𝑙 = − (
𝜋𝛼
2
)
1/2
𝑁𝑙+1/2(𝛼)                          (2.24) 
𝜁𝑙 = 𝜓𝑙(𝛼) − 𝑖𝜒𝑙(𝛼) = − (
𝜋𝛼
2
)
1/2
𝐻𝑙+1/2(𝛼)            (2.25) 
 
where, α is size parameter, which is written as α = πd/λ, and d is the diameter of the 
particle; m is relative refractive index; β = mα. 
πl and τl are the functions depended on scattering angle, which are expressed as  
 
𝜋(𝜃) =
𝑃𝑙(cos 𝜃)
sin 𝜃
=
𝑑𝑃𝑙(cos 𝜃)
cos 𝜃
                       (2.26) 
𝜏(𝜃) =
𝑑
𝑑𝜃
𝑃𝑙(cos 𝜃) = −𝑃𝑙(cos 𝜃) sin 𝜃              (2.27) 
 
The scattering coefficient can be expressed as  
 
𝑄𝑠𝑐𝑎 =
2
𝛼2
∑ 2𝑙 + 1(|𝑎𝑙|
2 + |𝑏𝑙|
2)∞𝑙=1                   (2.28) 
 
 Mie theory is the solution for the scattering caused by a single particle. In the 
case of several particles, Babinet principle85–88 can be used to solve the problem. 
Considering the aperture function shown in (0), (1), and (2) in Fig.2.14, 
 
 
 
 
 
Fig. 2.14 Babinet principle. 
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Assume that the amplitudes on the observation point P are u0, u1 and u2 when the 
light propagates though the aperture of (0), (1), and (2), respectively. According to 
Kirchhoff integral theorem, there is a relationship as follows: 
 
𝑢0(𝑃) = 𝑢1(𝑃)+𝑢2(𝑃)                         (2.29) 
 
this relationship is called Babinet principle. 
The aperture (1) and (2) can be considered as complementary aperture when the 
size of aperture (0) is infinite. Because the diffraction light of aperture (0) would 
be a point in the center, and the amplitude in the other positions is close to zero. 
We can infer that 
 
𝑢1(𝑃)+𝑢2(𝑃) = 0                             (2.30) 
 𝑢1(𝑃) =  −𝑢2(𝑃)                             (2.31) 
|𝑢1(𝑃)|
2 =  |𝑢2(𝑃)|
2                           (2.32) 
 
at the observation point P, the amplitude u1 and u2 have the same absolute value 
but the difference of π on the phase.  
Because the diffraction pattern only depends on the projection area, the 
diffraction pattern of the sphere would be the same with that of a circle. The 
diffraction pattern caused by the particles of the number of N would have the same 
amplitude but different phase. The total amplitude can be expressed as  
 
𝑢𝑁 =  𝑢(𝑝, 𝑞) ∑ 𝑒
𝑖𝑘𝛿𝑛𝑁
𝑛=1                          (2.33) 
 
here, -u (p,q) describes the diffractive effect; ∑ 𝑒𝑖𝑘𝛿𝑛 describes the coherent effect. 
When the particles distribute randomly,  
 
|∑ 𝑒𝑖𝑘𝛿𝑛𝑁𝑛=1 |
2
= 𝑁                             (2.34) 
 
the total intensity can be expressed as  
 
𝐼𝑁 = |𝑢𝑁|
2 =  |𝑢(𝑝, 𝑞)|2|∑ 𝑒𝑖𝑘𝛿𝑛𝑁𝑛=1 |
2
= 𝑁𝐼                 (2.35) 
 
randomly distributed particles with the same size have the same diffraction 
intensity distribution with that of the single particle. The intensity only increases 
N times, N is the number of particles. 
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2.7 Geometrical optics light scattering approximation 
 
Van de Hulst demonstrated that geometrical optics based on separation of 
diffraction, refraction and reflection can meet the Mie theory while the size 
parameter α is large enough21,89–95. For a transparent spherical particle where the 
refractive index m is real, those terms are calculated by van de Hulst in the near 
forward directions by using the asymptotic expansions of Mie coefficients while the 
size parameter α is large enough. 
 The scattering light is composed of two parts: 
(a) A diffracted light component independent of the particle. For the forward 
direction, the amplitude function for diffracted light can be expressed as,  
 
𝑆𝐷1(𝜃) = 𝑆𝐷2(𝜃) =
𝑘2𝑑2
4
∙
𝐽1[𝑘𝑑 sin(𝜃)/2]
𝑘𝑑 sin(𝜃)/2
                      (2.36) 
 
J1 is the Bessel function. This is identical to the diffraction pattern calculated for 
an opaque disk of diameter d using the scalar theory of diffraction, mainly 
Fraunhofer diffraction. 
(b) Reflected and refracted rays are dependent on the particle. The amplitude 
function for reflected and refracted light can be expressed as 
 
𝑆1,2(𝜃) = ∑
𝑘𝑑
2𝑝,𝑞
𝐸1,2 [
sin(2𝜀)
2 sin 𝜃|
𝑑𝜃′
𝑑𝜀
|
] ∙ exp [𝑖𝛿 +
𝑖𝜋
2
(𝑝 + 1 −
𝑞
2
−
𝑠
2
− 2𝑙)]       (2.37) 
 
where, p is the number of internal reflections (for p = 0 the ray is externally 
reflected, for p = 1 the ray refracted and leaves the particle without any internal 
reflections.), ε and β are related to each other by Snell’s law: 
 
𝑚 = sin 𝜀 / sin 𝛽                              (2.38) 
 
Figure 2.15 shows the optical geometry and the various components of the 
scattered light. The angle of deflection θ’ is defined as   
 
𝜃′ = 𝜋 − 2𝜀 − 𝑝𝜋 + 2𝑝𝛽                       (2.39) 
 
and θ' is related to the scattering angle θ as  
 
𝜃′ = 2𝜋𝑙 + 𝑞𝜃                                (2.40) 
 
where q is either +1 or -1. l is an integer which must be chosen so that θ lies between 
0 and π; s is an integer defined by the sign of dθ'/dε which is -1 for m > 1 and +1 for 
m < 1 when p < 2; and 
𝑑𝜃′
𝑑𝜀
= 2𝑝
tan 𝛽
tan 𝜀
− 2                              (2.41) 
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Fig. 2.15 Geometrical optics components of scattering light. 
 
E1 and E2 are defined as  
 
 𝐸1,2 = 𝛾1,2 for p = 0 
 𝐸1,2 = (1 − 𝛾1,2
2 )(−𝛾1,2)
𝑝−1
 for p > 0 
 
where 
 
 𝛾1 = (cos 𝜀 − 𝑚 cos 𝛽)/(cos 𝜀 + 𝑚 cos 𝛽)              (2.42) 
 𝛾2 = (𝑚 cos 𝜀 − cos 𝛽)/(𝑚 cos 𝜀 + cos 𝛽)              (2.43) 
 
are Fresnel reflection coefficients. The phase difference δ is given by 
 
𝛿 = 𝑘𝑑(cos 𝜀 − 𝑝𝑚 cos 𝛽)                          (2.44) 
 
the summation sign in Eq. (2.37) signifies that all the scattering light components 
should be summed up before calculating the scattering light intensity. This leads 
to the interference of several scattering light rays. However, in the near forward 
direction only the diffracted, externally reflected and refracted without internally 
reflected components are of any significant amplitude, so that the summation in 
Eq. (2.37) is carried out only for value of 0 and 1.  
 The total scattered light intensity can be expressed as  
 
𝐼𝜃,𝜙 = 𝑆2,1(𝜃) ∙ 𝑆2,1
∗ (𝜃) {cos
2 𝜙
sin2 𝜙
} (1/𝑘2𝑟2)                      (2.45) 
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2.8 Light diffusion approximation to transport equation 
 
The linear transport equation for photons propagating in media is96,97 
 
  
1
𝑣
𝜕𝐿(𝑟,Ω,𝑡)
𝜕𝑡
+ ∇ ∙ 𝐿(𝑟, Ω, 𝑡)Ω + 𝜇𝑡𝐿(𝑟, Ω, 𝑡) = 𝜇𝑠 ∫ 𝐿(𝑟, Ω
′, 𝑡) 𝑓(Ω, Ω′)𝑑Ω′ + 𝑆(𝑟, Ω, 𝑡) (2.46) 
 
L (r, Ω, t) is the radiance at position r, traveling in direction Ω, at time t. The 
normalized phase function f (Ω, Ω') represents the probability of scattering into a 
direction Ω' from direction Ω. V is the speed of light in the media. μt is the transport 
coefficient. μs and μa are scattering and absorption coefficient, respectively. S (r, Ω, 
t) is the spatial and angular distribution of the source. The photon fluence is given 
by  
 
Φ(𝑟, 𝑡) = ∫ 𝑑Ω 𝐿(𝑟, Ω, 𝑡)                            (2.47) 
 
The photon flux is given by  
 
𝐽 (𝑟, 𝑡) = ∫ 𝑑Ω 𝐿(𝑟, Ω, 𝑡)Ω                          (2.48) 
 
The linear transport equation neglects coherence and polarization effects. 
The transport equation can be thought of as a conservation equation for the 
radiance. If we consider a small element in phase space, that is a small volume 
around position r and a small solid angle around Ω at time t as shown in Fig.2.16, 
the left-side of Eq. (2.46) accounts for photons leaving the small element, and the 
right-side accounts for photons entering the small element. 
 
 
 
 
Fig. 2.16 Light transport at a small cube. 
  
r×dr
Ω
Ω’
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A standard approximation method for the transport equation is known as the PN 
approximation96,97. The expanded method of the PN approximation is simply to 
expand the radiance, phase function, and source in spherical harmonics Yl,m, 
truncating the series for radiance at l =N. The radiance and source are expanded 
as  
 
𝐿(𝑟, Ω, 𝑡) = ∑ ∑ 𝜙𝑙,𝑚(𝑟, 𝑡)
𝑙
𝑚=−𝑙 𝑌𝑙,𝑚(Ω)
𝑁
𝑙=0                   (2.49) 
𝑆(𝑟, Ω, 𝑡) = ∑ ∑ 𝑞𝑙,𝑚(𝑟, 𝑡)
𝑙
𝑚=−𝑙 𝑌𝑙,𝑚(Ω)
𝑁
𝑙=0                   (2.50) 
 
By substituting Eq. (2.49) into Eq. (2.47) it can be inferred that 𝜙0,0  is 
proportional to the photon fluence. By substituting Eq. (2.49) into Eq. (2.48) it can 
be inferred that 𝜙1,𝑚 are the components of the photon flux. The qlm (r, t) are the 
amplitude of the different angular moments of the source at the position r and time 
t. 
 For phase function, we make the reasonable assumption that the scattering 
amplitude is only dependent on the change in direction of photon, and thus  
 
𝑓(Ω, Ω′) = ∑
𝑙+1
4𝜋
𝑔𝑙𝑃𝑙(Ω, Ω
′) = ∑ ∑ 𝑔𝑙𝑌𝑙,𝑚
∗ (Ω′)𝑙𝑚=−𝑙 𝑌𝑙,𝑚(Ω)
𝑁
𝑙=0
∞
𝑙=0       (2.51) 
 
where Pl is a Legendre Polynomial of order l and the second line is obtained using 
the standard angular addition rule98. The phase function is normalized so that g0 
= 1. Note that g1 is the average cosine of the scattering angle. 
 The P1 approximation is quite good while absorption coefficient μa can be ignored 
comparing with scattering coefficient μs. The approximation radiance can be 
written as 
 
𝐿(𝑟, Ω, 𝑡) =
1
4𝜋
Φ(𝑟, 𝑡) +
3
4𝜋
𝐽 (𝑟, 𝑡) ∙ Ω                     (2.52) 
 
The photon source can be expressed as 
 
𝑆(𝑟, Ω, 𝑡) =
1
4𝜋
𝑆0(𝑟, 𝑡) +
3
4𝜋
𝑆1(𝑟, 𝑡) ∙ Ω                    (2.53) 
 
where S0 (r, t) and S1 (r, t) are the monopole (isotropic) and dipole moments of the 
source. Inserting these two equations into Eq. (2.46) and integrating over Ω yields, 
 
1
𝑣
𝜕
𝜕𝑡
Φ(𝑟, 𝑡) + 𝜇𝑎Φ(𝑟, 𝑡) + ∇ ∙ 𝐽(𝑟, 𝑡) = 𝑆0(𝑟, 𝑡)            (2.54) 
 
Inserting these two equations into Eq. (2.46), and multiplying by Ω, and 
integrating over Ω yields 
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1
𝑣
𝜕
𝜕𝑡
𝐽(𝑟, 𝑡) + (𝜇′𝑠 + 𝜇𝑎)𝐽(𝑟, 𝑡) +
1
3
∇Φ(𝑟, 𝑡) = 𝑆1(𝑟, 𝑡)         (2.55) 
 
where μ's = μs (1-g1) is the reduced scattering coefficient. 
the P1 equation can be obtained by decoupling Eq. (2.54) and Eq. (2.55) for Φ (r, t) 
 
−𝐷∇2Φ(𝑟, 𝑡) + 𝑣𝜇𝑎Φ(𝑟, 𝑡) +
𝜕Φ(𝑟,𝑡)
𝜕𝑡
+
3𝐷
𝑣
[𝜇𝑎
𝜕Φ(𝑟,𝑡)
𝜕𝑡
+
1
𝑣
𝜕2Φ(𝑟,𝑡)
𝜕𝑡2
]              
= 𝑣𝑆0(𝑟, 𝑡) +
3𝐷
𝑣
𝜕𝑆0
𝜕𝑡
− 3𝐷∇ ∙ 𝑆1(𝑟, 𝑡)        (2.56) 
 
D = v/3μ's is the photon diffusion coefficient. The absorption coefficient is dropped 
from the photon diffusion coefficient to keep the set of approximation consistent. 
That is the P1 approximation is valid when the albedo is close to unity and the 
scattering is not highly anisotropic and thus μa << μ's99. 
 The standard photon diffusion equation is obtained when the underline terms in 
Eq. (2.56) are dropped. Dropping the dipole moment of the source is justified by 
assuming an isotropic source. This assumption is usually supported by treating 
collimated source as isotropic source displaced one transport mean free path into 
the scattering media from the collimated source. The assumption for dropping the 
other terms is best seen in the frequency domain where the time dependence of the 
source is taken as exp(-iωt). When the intensity of the source is sinusoidally 
modulated then the photon fluence becomes Φ(r) exp(-iωt). The time derivatives can 
then be replaced by –iω and the rest of the underlined terms can be ignored when 
3Dω/v2 << 1. This assumption is equivalent to vμ's/ω << 1, that is the scattering 
frequency must be much larger than the modulation frequency. 
 Given these assumptions, the photon diffusion equation for Φ (r, t) 
 
−𝐷∇2Φ(𝑟, 𝑡) + 𝑣𝜇𝑎Φ(𝑟, 𝑡) +
𝜕Φ(𝑟,𝑡)
𝜕𝑡
= 𝑣𝑆0(𝑟, 𝑡)             (2.57) 
 
Note that in the frequency domain the photon diffusion equation can be expressed 
as the Helmholtz equation 
 
(∇2 + 𝑘𝐴𝐶
2 )Φ𝐴𝐶(r) =
−𝑣
𝐷
𝑆0(𝑟)                   (2.58) 
 
where the wave number is complex, i.e.  
 
𝑘𝐴𝐶
2 =
−𝑣𝜇𝑎+𝑖𝜔
𝐷
                          (2.59) 
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3 Measurement of annular beam propagation in random 
media  
 
The experimental optical system is presented in Sec. 3.1. Measurements of the 
properties of annular beam propagation in random media are presented in Sec. 3.2. 
The optimization of the center peak light in random media is discussed in Sec. 3.3. 
Finally, the phenomenon of the center peak light is compared with the other light 
enhanced phenomenon in random media, and the reason of this phenomenon is 
discussed in Sec. 3.4. 
 
3.1 Experimental optical system 
 
3.1.1 System schematic diagram 
 
Figure 3.1 shows the schematic diagram of the experimental system. A high-
power diode pumped solid state (DPSS) laser is utilized. A neutral density filter is 
used to adjust the optical intensity. A pair of Axicon prisms are used to create an 
annular beam, and a beam expander is used before the Axicon prisms to control 
the thickness (the difference between the external diameter and internal diameter) 
of the annular beam. Processed milk is chosen as the random medium. The optical 
receiver unit consists of a collimated lens and a multiple mode optical fiber. The 
receiving unit is set on an auto mechanical stage with the smallest step of 0.1 mm 
on horizontal-axis. A photo multiplier tube (PMT) is used as a detector to obtain 
the weak optical signal through the random media, and a sampling oscilloscope is 
used to monitor the pulsed electric signal from PMT. 
 
 
 
 
 
 
Fig. 3.1 Schematic diagram of the experimental system 
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3.1.2 Transmitter  
 
・Light source  
A high-power diode pumped solid state laser is utilized in our experiment. The use 
of a pulsed beam is to increase the efficiency of the interfered center peak in 
random media. As compared with a continuous wave (CW) beam, pulse light 
interferes only in the time of the pulse width and it can prevent the interference 
cancelation due to multiple scattering. Figure 3.2 and Table 3.1 show the light 
source on operating and its specification, respectively. 
 
 
 
 
Fig. 3.2 The DPSS laser light source with the wavelength of 532 nm. 
 
 
Table 3.1 Specification of the light source 
 
Maker 
Model number 
Wavelength 
Pulse width 
Peak power 
Repetition 
CryLas 
1Q532-1 
532nm; 
2ns; 
4.6kW; 
15kHz. 
 
 
・Glass plate 
Glass plate is used to divide the light from the DPSS laser into two parts. A part 
of the transmitting light is used as the trigger of the sampling oscilloscope, which 
is detected by photo diode.   
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・Neutral density filter 
Although a photo multiplier tube (PMT) is used as a detector to obtain the weak 
optical signal through the random media, it will have current saturation because 
of high power light while the concentration of the random media is low. A neutral 
density filter is used to adjust the power of the incident beam.  
 
・Beam expander  
Beam expander was used to expand the width of the Gaussian mode beam and 
adjust the thickness of the annular beam.  
 
・Axicon prisms 
A pair of the axicon prisms are used to create an annular beam from a Gaussian 
beam. The axicon prisms have a diameter of 50.8 mm with a zenithal angle of 150° 
so that the transformed annular beam has the same polarization with the incident 
Gaussian beam. The diameter of the annular beam can be changed by adjusting 
the distance between the two prisms. Figure 3.3 (a) and Table 3.2 show the axicon 
prisms and their specification, and Fig. 3.3 (b) shows the annular beam created by 
axicon prisms. 
 
         
(a) Axicon prisms                           (b) Annular beam 
 
Fig. 3.3 The appearance of the axicon prisms and annular beam. 
 
 
Table 3.2 Specification of axicon prism 
 
Maker 
Zenithal angle 
Diameter 
Material 
Natsume optical corporation 
150° 
50.8 mm 
BK7 
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3.1.3 Random media and media tank  
 
・Random media  
The diluted processed milk is used as the random media. Its composition of main 
scatters and their detailed optical property is presented in Sec. 2.3.  
 
・Media tank 
Tempax glass tanks are used as the media tanks. The cross-section is 20 cm × 20 
cm. For setting the experiments at different propagation distance, the lengths of 
the media tanks are set as 10, 20, and 30 cm. The appearance of the media tank 
and the image of annular beam propagation in random media are shown in Fig. 
3.4 (a) and (b). 
 
 
                             
(a) Media tank             (b) Light scattering in random media 
Fig. 3.4 Appearance of the media tank and light scattering in random media. 
 
 
3.1.4 Receiver  
 
・Multiple mode optical fiber and collimating lens 
Light is scattered to every direction when it propagates in random media. It 
consists of the light propagating in forward direction and the other directions. In 
this study, we only detect the straight light from the random media. Here, a lens 
with focal length of 4.5 mm and a multiple mode optical fiber with core diameter 
of 50 µm were combined as the light receiving section. The view angle was 
narrowed into 5.5 mrad. The light receiving section is shown in Fig. 3.5. The 
specification of the multiple mode optical fiber and collimating lens are shown in 
Table 3.3 and Table 3.4. 
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(a) Appearance of the receiving section 
 
 
(b) Schematic diagram of the receiving section 
Fig. 3.5 Appearance and schematic diagram of the receiving section. 
                      
 
 
Table 3.3 Specification of multiple mode optical fiber. 
 
Maker 
Model number 
Mode field 
diameter 
N.A. 
ShouwaDensen 
TK-S5002S 
50 µm; 
0.2 
 
 
 
Table 3.4 Specification of collimate lens. 
 
Maker 
Focus length 
N.A. 
THORLABS 
4.5 mm 
0.55 
 
 
 
N.A. range of the optical fiber 
Collimating lens (f=4.5mm,N.A.=0.55) 
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・Photo multiplier tube 
A photo multiplier tube was used to convert the weak optical signal through the 
random media into current. The specification is shown in Table 3.5. 
 
Table 3.5 Specification of photo multiplier tube. 
 
Maker 
Model number 
Response time 
Hamamatsu 
R-636 
0.78 ns 
 
 
 
・Sampling oscilloscope 
A high-speed sampling oscilloscope was used as the measuring instrument. The 
specification is shown in Table 3.6. 
 
Table 3.6 Specification of sampling oscilloscope. 
 
Maker 
Model number 
Module number 
Bandwidth 
Agilent 
DCA-J 86100C 
83484A 
50 GHz 
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3.2 Properties of annular beam propagation in random media 
 
In this section, the properties of annular beam propagation in random media with 
the variation of different parameters are presented. The center peak light in the 
scattered waveform is evaluated through the variation of the following parameters: 
media concentration; propagation distance; receiving distance; polarization; shape 
of the annular beam (thickness and diameter). 
 The method to evaluate the center peak light is illustrated in Fig. 3.6, which is a 
waveform obtained in our experimental measurement. The waveform consists of 
the center part and the surrounding part. The center part is a narrow peak with 
high intensity. The surrounding part has an intensity distribution close to the 
isotropic distribution (dashed red line) caused by multiple scattering. The 
surrounding part intensity at the distance of 20 mm with respect to the center is 
normalized as 1. The center peak is evaluated by the intensity ratio between its 
center peak intensity (Vp) and the center intensity in isotropic distribution (Vs). 
 
 
 
Fig. 3.6 Waveform transformed from annular beam in random media. 
 
 The measurement results of the properties of annular beam propagation in 
random media are presented as follows: 
 
3.2.1 Media concentration 
 
The scattered waveforms of the annular beam propagation in 20 cm length of 
random media at concentration of 0.3% - 0.7% are shown in Fig. 3.7. From the 
concentration of 0.4% - 0.6%, the center peaks light can be distinguished clearly. 
The strongest center peak appears in the concentration of 0.6%, and its center 
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intensity ratio is 1.22%. Over the high concentration of 0.7%, the center peak 
cannot keep its shape anymore because of the strong scattering. The generation 
process of the center peak light is at first, the main peak and the two sidelobes 
appear near and around the center, then the main peak becomes stronger with the 
decline of the sidelobes; lastly, the main peak becomes the highest intensity while 
the sidelobes disappeared. One can find that the width of the main peak is about 
6 mm, which is equivalent to the width of the center peak when the non-diffractive 
beam is transformed from the annular beam with the diameter of 40 mm in air. 
Figure 3.8 shows that the annular beam of 40 mm in diameter transforms into a 
non-diffractive beam after it propagates at 210 m in air. However, in the 
experimental result the waveform transformed from the annular beam should 
have many sidelobes when it is compared with the non-diffractive beam generated 
in air. Here the higher order sidelobes are cancelled by the effect of interference 
from the multiple scattering. This result in random media shows a similarity with 
the annular beam propagation in air. 
 
Fig. 3.7 Scattering waveforms of annular beam in random media at 20 cm. 
 
Fig. 3.8 Propagation pattern of annular beam in air. 
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3.2.2 Propagation distance 
 
The propagation distance was set to 10, 20 and 30 cm by changing the length of 
the media tanks as shown in Fig. 3.9. The scattered waveforms of the annular 
beam propagation in random media with different concentrations at the 
propagation distance of (a) 10 cm, (b) 20 cm and (c) 30 cm are shown in Fig. 3.10. 
The highest intensities of the center peak light appear at the concentrations of 
1.0%, 0.6%, and 0.4%, respectively. The center intensity ratios are 1.84%, 1.22% 
and 0.85%, respectively. It means that the annular beam generates a higher 
intensity of center peak light when it propagates at a shorter distance with a 
higher concentration of the random media. For all the propagation distances, they 
have the same process of center peak light transformation as mentioned in Sec. 
3.2.1. It is found that all the center peak light appeared at the concentrations of 
the intermediate region between single scattering and multiple scattering. This 
region will be discussed in detail in Sec. 3.3. 
 
 
 
 
 
 
Fig. 3.9 Annular beam propagation in different distance. 
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(a) 10 cm propagation. 
 
(b)  20 cm propagation. 
 
(c)  30 cm propagation. 
Fig. 3.10 Scattered waveforms of annular beam in random media by different 
propagation distance. 
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3.2.3 Receiving distance 
  
In this experiment, the detector was set at different distances (6, 50, 80 and 100 
cm) away from the back of the media tank as shown in Fig. 3.11. The propagation 
distance in media tank was set to 20 cm. The measured waveforms are shown in 
Fig. 3.12. The intensity of 20 mm away from the center is normalized as unity at 
the receiving distance of 6 cm. For easy comparison, the center peaks of waveforms 
at the other receiving distances are shifted to the same level with the center peak 
of waveform at the receiving distance of 6 cm. 
It can be inferred that the center peak light of all the waveforms have the same 
intensity and width. The center peak light does not spread as the detector becomes 
far away from back of the media tank. This phenomenon demonstrates that the 
light transformed into the center peak light propagates at the forward direction, 
and it doesn’t spread during the propagation in air (after the media tank). On the 
other hand, the surrounding parts of the measured waveforms changes its curve 
with the variation of the receiving distance. We consider the surrounding parts of 
the scattering light consists of the multiple scattering. The curvature of the 
scattering waveform becomes smaller as the receiving distance increases. It is the 
property of isotropic spherical light. 
 
 
 
 
Fig. 3.11 Measuring scattered light at different receiving distance. 
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Fig. 3.12 Variation of scattered waveform at different receiving distance. 
 
 
3.2.4 Polarization  
 
The experiment of polarization property of the scattered light was conducted as 
shown in Fig. 3.13. The annular beam of p-polarization was transmitted into the 
random media. The scattered light of p- and s-polarization at back of the media 
tank were separated by setting a polarizing plate before the receiver unit. The 
intensity distributions on the line perpendicular to optical axis were measured.  
 
 
  
Fig. 3.13 Measurement of polarization of scattered light. 
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The polarization intensity distributions of scattered light at the concentration of 
0.6% are shown in Fig. 3.14. In the p-polarization waveform, there is a peak at the 
center of the scattered waveform. This phenomenon doesn’t occur in the s-
polarization waveform. Usually, the light scattered a few times is difficult to 
maintain its coherence and polarization. To convert into the s-polarization, 
incident light of p-polarization needs to be scattered several times with a large 
scattering angle. It means the s-polarization cannot keep its coherence, and it is 
difficult to interfere and create a center peak for s-polarization. On the contrary, 
the p-polarized light contains the forward scattering light which has the same 
polarization with the incident beam, because only the forward scattering light keep 
its polarization under multiple scattering. This makes it maintain its coherence. 
The center peak light is transformed by the interference of the forward scattering 
light, which is generated easily in the p-polarization. This is why the center peak 
light was only observed in the component of p-polarization.  
The experimental results about receiving distance and polarization in Sec. 3.2.3 
and 3.2.4 prove that the center peak of the scattered waveform is transformed by 
the forward scattering light.  
 
 
 
 
Fig. 3.14 Polarizations of annular beam through random media. 
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3.2.5 Annular beam thickness 
 
In this experiment, the ring thicknesses of annular beam were set to 3 and 6 mm. 
The difference between two waveforms with center peaks converted by the annular 
beams with the same diameter and propagation distance but different ring 
thickness is shown in Fig. 3.15. The waveform intensity obtained by the annular 
beam of ring thickness of 3 mm is shifted 0.01 to the upper for easy comparison. 
In the case of the annular thickness of 3 mm, the width of the main peak of the 
scattered waveform is narrower than that of 6 mm. Both widths of the main peaks 
are about twice of the thickness of the incident annular beams. The two waveforms 
are transformed in the concentration of 0.6%. The center intensity ratios of the 
center peaks are 1.2% and 1.0%. This result shows the annular beam with the 
narrow thickness could generate a narrower width and a higher intensity of center 
peak light in random media. Considering the same area in the center, the light 
volume becomes larger when propagating a thin annular beam than a thick 
annular beam in random media. 
 
 
 
 
 
Fig. 3.15 Scattered waveforms of annular beam with different thickness (Diameter: 
24mm; Distance: 20cm). 
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We also had a numerical calculation on the propagation property of annular beam 
with different ring thickness propagation in air, and the result is shown in Fig. 
3.16. All the diameters of the annular beams are set to 24 mm (radius R = 12 mm). 
The thickness of annular beams is set to 0.6, 1.2 and 1.5 mm, respectively. When 
the thickness of the annular beam is narrower, the scattered waveform has a 
higher center intensity of main peak and the distance, where the center peak light 
is formed its maximum intensity, becomes shorter. The width of the main peak 
was about twice of the ring thickness of the incident annular beam. 
Compared with the property of annular beam propagation in air, it is found that 
the annular beam propagation in random media has the same tendency with that 
in air, which is that annular beam with a thin ring could transform into a narrow 
peak and high intensity at a short distance. 
 
 
 
 
 
Fig. 3.16 Variation of the non-diffractive beam with different thickness in air 
(Diameter: 24 mm). 
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3.2.6 Annular beam diameter 
 
The annular beam diameters were set to 24, 32 and 40mm, respectively. The center 
peak light transformed by the annular beams with the same thickness and the 
propagation distance but with the different diameters is shown in Fig. 3.17. The 
waveforms transformed by annular beams with the diameter of 24 mm and 32 mm 
are shifted 0.02 and 0.01 in intensity for visualization. The center intensity ratios 
are 3.7%, 2.9% and 2.2%, and the widths of the main peaks are 5 - 6 mm. The 
center peak light with the higher intensity would be transformed at the lower 
concentration when the annular beam diameter is smaller, but the widths of the 
main peaks are kept in 5 - 6 mm because the thickness of the annular beams is 
3mm.  
 
 
 
 
 
 
Fig. 3.17 Scattered waveforms of annular beam with different diameters 
(Thickness: 3mm; Distance: 20cm) 
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We also had a numerical calculation on the propagation property of annular beam 
with different diameters propagation in air shown in Fig. 3.18. It shows the 
variation of the intensity of the center peak while the annular beam had the same 
thickness but with the different diameters. All the main peaks have the same 
width. Higher center intensity is obtained when the diameter of the annular beam 
is smaller. The propagation distance where the center peak has the maximum 
center intensity becomes short as the diameter of the annular beam decreases. 
The widths of main peaks of numerical calculation results are twice of the annular 
beam thickness, which is coincided with experimental results in Fig. 3.15. It shows 
the same tendency of that, an annular beam with a small diameter can transform 
into a center peak light intensity with higher intensity. 
 
 
 
 
 
 
 
Fig. 3.18 Variation of the non-diffractive beam with different diameter in air 
(Thickness: 1.5 mm). 
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3.3 Propagation optimization of center peak light in random media 
 
In this section, we studied the light transmittance in random media, and propose 
a new method to optimize the center peak light propagation in random media by 
using the results of Sec. 3.2.2. 
 
3.3.1 Transmittance of Gaussian beam in random media 
 
For measuring transmittance accurately, we took off the beam expander and the 
Axicon prisms from the optical system, and used the laser beam of a small spot of 
< 0.3 mm from laser head, which had a Gaussian intensity distribution. The 
incident beam was emitted into the media tank; the forward scattering intensity 
was detected by PMT at the center optical axis of the back side of the media tank. 
The experimental and calculation results of light transmittance in random media 
at propagation distances of 10, 20 and 30 cm are shown in Fig. 3.19. For easy 
comparison, the x-axis was normalized as the unit of distance × concentration (m%).  
 
 
 
 
 
 
Fig. 3.19 Transmittance in random media at different propagation distance. 
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According to the transmittance, the scattering coefficient and the transport mean 
free path can be calculated. When the transport mean free path is longer than the 
propagation distance, it means that the light just hits once or never hit the particle 
in the random media. This is the case of the single scattering. When the transport 
mean free path is shorter than the propagation distance, it means that the light 
hits the particles more than once in random media on average. In this case, 
multiple scattering occurs. The results overlap perfectly in the left part of until 
0.06 m%. In this part, single scattering is dominant as compared with multiple 
scattering. In the right part of from higher concentration of 0.12 m%, multiple 
scattering is dominant and three curves have the same gradient. When the 
parameter of distance × concentration is set as the same value, it has higher 
transmittance at the shorter propagation distance. The reason to this result is that 
the shorter the propagation distance is, the higher the concentration is, and the 
more multiple scattering light occurred at the output plane.  
We also simulated the light transmittance in random media. On the premise of 
our optical receiver setup, the light transmittance is expressed with the following 
Eq. (3.1) and (3.2): 
                       
   𝐼1 = 𝐼1 ∙ exp(−𝜎1𝑁𝐿) + 𝐼
′                       (3.1) 
 
𝐼′ = 𝐼0 ∙ [1 − exp(−𝜎1𝑁𝐿)] ∙ 𝛼 ∙ exp(−𝜎2𝑁𝐿)                   (3.2) 
 
Here, I0 and I1 are the incident light intensity and the transmitted light intensity, 
respectively. The transmittance is defined as I1/I0; I1 consists of the directly 
delivered light without scattering I0·exp(−σ1NL), and the forward scattering light I’. 
The forward scattering light I’ can be calculated by the Eq. (3.2). Here, L is the 
propagation distance; N is the concentration of diluted milk solution; σ1 is the 
scattering coefficient when single scattering is dominant and σ2 is the scattering 
coefficient when multiple scattering is dominant; the parameter α is introduced as 
the weight of the multiple scattering for the forward direction and the properties 
of α will be discussed in Sec. 3.3.2. Usually, single and multiple scattering are 
dependent on the size, the refractive index of the particles and its concentration. 
These parameters are reflected in σ1 and σ2 here. Considering the particles block 
light entirely, σ1 can be derived according to the definition of scattering cross-
section (the average diameter of the fat particles is set as 1.1 μm as we mentioned 
in Chap. 2). σ2 can be derived from σ1 and the anisotropic parameter g. Here, g is 
calculated by Mie theory when the size and the refractive index of the particles are 
given. The absorption in our experiment is quite small to compare with the 
scattering (the absorption coefficient is 0.0066 cm-1 at the concentration of 40%, 
while the scattering coefficient is 22 cm-1 at the concentration of 0.6% in our 
current experiment used by diluted milk). Thus, we did not include it in the 
calculation. 
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3.3.2 Optimization of center peak light 
 
The center peak light in random media is determined by the shape of the incident 
beam, the propagation distance, the concentration of the random media and the 
view angle of the optical receiver. The other parameters, such as particle size, 
refractive index of the random media is assumed to be as constants when we 
discussed the relationship between the propagation distance and the media 
concentrations.  
Usually, the light will not retain its polarization when multiple scattering is 
dominant in random media. In our experiment, the center peak light was observed 
because of the following two reasons: one is that the light in random media is 
scattered 4 or 5 times in average at the propagation distance of 20 cm (transport 
mean free path is about 4 - 5 cm), which is calculated by diffusion equation from 
the propagation distance and the concentration of the random media; another 
reason is that the light detected by the receiver unit must only be the forward 
scattering light, that is the reason why a receiver with the view angle of 5.5mrad 
was employed in our experiment. Only the forward scattering light can retain its 
polarization through the random media after 4 or 5 times scatterings. In fact, the 
times that scattering events occurred until the beam flies out the random media is 
determined by the concentration and the propagation distance in the random 
media, which means the center peak light could be controlled by adjusting the 
concentration of the random media.  
The optimization of the center peak light is summarized in Table 3.7.  
 
 
 
 
 
Table 3.7 Center peak light optimization in random media. 
 
Parameter 
10cm propagation 20cm propagation 30cm propagation 
experiment optimization experiment optimization experiment optimization 
Concentration 1.0% 1.033% 0.6% 0.6% 0.4% 0.433% 
Scattering 
coefficient 
22.63cm-1 21.98cm-1 22.27cm-1 22.27cm-1 23.96cm-1 22.24cm-1 
Intensity 
ratio 
1.84% 1.98% 1.22% 1.22% 0.85% 0.90% 
α 0.00005 0.00005 0.000025 0.000025 0.000016 0.000016 
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As mentioned in Sec. 3.2.2, the highest intensity ratio of the center peak light 
appeared in the concentration of 0.4%, 0.6%, and 1.0% when propagation distances 
were 30, 20 and 10 cm, respectively. At these three ranges, the weight parameter 
α is calculated from the experimental result of the transmittance as 5×10-5, 2.5×10-
5, 1.6×10-5 and all the scattering coefficients σ are near 23 cm-1. According to the 
experimental results, we infer the highest ideal center intensity ratio at different 
propagation distances (the case of 10 cm had the intensity ratio of 2.0% when the 
concentration is 1.033% and the case of 30 cm had the intensity ratio of 0.90% 
when the concentration is 0.433%), and compare them with the weight parameter 
α in Fig. 3.20. The center intensity ratio shows the same variation trend with α. 
Because the weight parameter α is relative to the intensity of the forward 
scattering light. This result proves that the center peak light is transformed by 
forward scattering of light.  
 
 
 
 
 
 
 
 
 
 
Fig. 3.20 Comparison between center intensity ratio and weight parameter α. 
  
1.3E-05
1.9E-05
2.5E-05
3.1E-05
3.7E-05
4.3E-05
4.9E-05
5.5E-05
0.8
1
1.2
1.4
1.6
1.8
2
2.2
0 10 20 30 40
α
 
N
or
m
al
iz
ed
 c
en
te
r 
in
te
ns
ity
ra
tio
 
Propagation distance in random media (cm)
Center intensity ratio
α
55 
 
The process of optimization to generate the highest center peak of the center peak 
light is shown in Fig. 3.21. In measurement (ⅰ), the weight parameter of light α, 
the single scattering coefficient σ1 and the multiple scattering coefficient σ2 can be 
calculated from one set of the transmittance measurement results (propagation 
distance L) such as Fig. 3.19. As the second step in simulation (ⅱ), the concentration 
N for optimizing the center peak light at distance L can be identified by the optical 
simulation when σ1 and σ2 are given. Considering the light transmittance intensity 
obtained in measurement (ⅰ) can be expressed as the function f (n), the scattering 
coefficient σ in Fig. 3.19 can be expressed as ∂f(n) / ∂n. Here, n is the function of 
concentration. Assigning the value of N obtained in simulation (ⅱ), we can calculate 
the scattering coefficient σ for optimizing the center peak light in step (ⅲ). For 
different propagation distances L’, the new transmittance curve f’(n) can be plotted 
according to the variation of the parameter α (σ1 and σ2 are constant) in calculation 
(ⅳ). By using the scattering coefficient σ obtained in (ⅲ), the concentration N’ for 
optimizing the center peak light at the propagation distances L’ can be calculated 
by solving the equation of ∂f’(n) / ∂n = σ. The solution of the equation N’ in 
calculation (ⅴ) is the concentration for optimizing the center peak light. For 
investigating the value of α in unknown random media (particle size, refractive 
index and so on), only one set of experimental transmittance measurement is 
needed.  
This method is not only used for calculating the concentration of the optimized 
the center peak light, but also for calculating the other parameters (such as the 
propagation distance or shape of the incident beam) in order to optimize the center 
peak light when some other parameters are defined as constants. For example, 
when we need to measure the light propagation in human finger or wrist, the shape 
of the annular beam would be the optimization factor because the concentration of 
the random media and the propagation distance are defined as constants here. 
 
 
Fig. 3.21 Process of the optimization. 
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3.3.3 Discussion 
 
Generally, the non-diffractive beam is transformed after the annular beam (40 mm 
φ) propagates a long distance of a few hundred meters (> 200 m). In our experiment, 
the center peak light appears in a mere few ten centimeters in random media. 
However, the particles in random media scatter the annular beam strongly, only 
the forward scattering light interferes at the center of the optical axis and creates 
the center peak light. It is considered that the scattering particles in random media 
act as a lens. In a high concentration random medium, the number of the particles 
increases, the intensity of forward scattering light is higher, and the center peak 
light beam is generated at a shorter distance with a high intensity ratio similar to 
the generated non-diffractive beam (at a few hundred meters in air) is focused at 
short-distance with a lens in air.  
The variation of the center peak light intensities is shown in Fig. 3.22 when the 
annular beam is focused in air (adding the lens effect with different focal lengths 
into the calculation results) and in random media (experimental result). Here, L is 
the propagation distance in random media, and l is the propagation distance in air. 
In the calculation, the lens effect is added and it renders the center peak light 
focused at a short distance. The center intensity at l = 210 m is normalized as 1.  
 
 
 
Fig. 3.22 Center intensity of non-diffractive beam in air (with lens effect) and 
center intensity ratio of center peak light in random media against the propagation 
distance. 
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The experimental results show that the center peak light has higher intensity in 
shorter distance propagation in random media. Variation of the center intensity 
ratio in the experiment (random media) has the same tendency with the variation 
of the center intensity of the non-diffractive beam focused in air (with lens effect) 
as the propagation distance increases with exponential order. For the same 
attenuation intensity, the relation between propagation distances in air and in 
random media can be written as 
 
𝐼𝑟𝑎𝑛𝑑𝑜𝑚(𝐿) ∝ 𝐼𝑎𝑖𝑟(ln(𝑙))                           (3.3) 
 
These two distances are associated with the concentration of the random media. 
It is considered that the relationship between the concentrations and the intensity 
ratio of the center peak light in random media is another expression of the 
relationship between the propagation distance and center intensity of the annular 
beam propagation in air.  
As the difference between annular beam propagation in random media and in air, 
for the case of in air, the annular beam just diffracts, and generates the non-
diffractive beam, while this process needs a long distance to create the wavefront 
and phasefront. On the other hand, in the case of light propagation in random 
media, the particles in random media scatter the annular beam and the scattering 
makes the annular beam get an appropriate wavefront and phasefront 
distributions in a short distance, which can help generate the center peaks light 
as that in air. However, only the forward scattering can obtain the phasefront 
which is fit to generate the center peak light.  
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3.4 Comparison with other light enhance phenomena in random media 
 
However, it is concluded from the experimental results that, the enhanced center 
peak light is transformed from the interfered forward scattering light, there are 
many other light enhanced phenomena in random media caused by the 
interference but with different process. Thus, the reason of phenomenon obtained 
in our experiment should be clarified. In this section, based on the propagation 
characteristics and polarization property of the annular beam propagation in 
random media investigated in our experiment, the enhanced center peak light 
phenomenon is compared with light interference, Anderson localization, random 
laser and non-diffractive beam transformed in air. 
 
・Light interference 
The experiment designed by Thomas Young100 is a typical light interference. For 
the interference pattern of Young, the characteristics are as follows: all the light 
lines in the interference pattern of Young have the same intensity, and the 
interference pattern spreads and becomes wide as the receiving screen becomes far 
away from the light source. On the other hand, center peak light obtained in our 
experiment has the highest intensity to compare with the sidelobes, and it does 
not spread as it propagates for 1 m in air. Although both of two phenomena are 
caused by the interference, they are different process and entity phenomena. 
 
・Anderson localization. 
As the characteristics of Anderson localization, usually the light enhanced 
localization in random media has a very high concentration, in which the transport 
mean free path is close to zero, so that the light can be locked in the area and 
scattered in a large number of times. By this process, light is enhanced by the 
repetition of the multiple scattering. The emission of the localization in Anderson 
localization is also based on the phase distribution in spatial which is determined 
by the distribution of the particles in random media. In the case of our experiment, 
however, the center peak light generation is also dependent on the phase function 
created by multiple scattering due to the particles in random media, this 
phenomenon occurs in the region between the single scattering and multiple 
scattering. In this region, the concentration is not high enough to make the 
transport mean free path close to zero. In another word, these two phenomena 
occur in two different concentration or different scattering strength. 
 
・Random laser. 
For the random laser, its enhanced emission point is random due to the 
randomness of distribution of the particles in the media. Another characteristic of 
the random laser is that, the gain of the enhanced light increases quickly when the 
concentration of random media is over a certain threshold level. In the case of our 
experiment, the light enhanced is always in the position of the center and it is not 
random. This is the first point different from the random laser. The center peak 
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light only appears in a certain range of the concertation, and this phenomenon 
disappears while the concentration is over a certain value. This is the second point 
different from the random laser. From these two points, it is considered that the 
phenomenon obtain in our experiment is not the random laser. 
 
・Non-diffractive beam. 
However, the center peak light has properties similar with the non-diffractive 
beam transformed from annular beam in air as follows:  
First, annular beam can transform into the non-diffractive beam in free space. It 
is also possible to perform this transformation in random media;  
Second, when the diameter of the incident annular beam is 40 mm, the 
transformed center peak light in random media has a width of the peak of 6 mm, 
which is the same with the non-diffractive beam transformed in air, and the 
variation of the waveform of the center peak light in random media has the same 
tendency with the variation of the non-diffractive beam in free space when the 
thickness and diameter of the incident annular beam changes.  
Third, the center peak light has a propagation characteristic similar with non-
diffractive beam as shown in Sec. 3.2, and it does not spread while propagating in 
air.  
Here, it can be only inferred that the center peak light can propagate at the 
forward direction, and its characteristics are similar with a non-diffractive beam 
in some respects, while they are not authentic evidence to prove that the center 
peak light is a non-diffractive beam.   
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4 Wavefront analysis of annular beam propagation in 
random media based on geometric optics 
approximation 
 
In this chapter, to analyze the characteristics of annular beam propagation in 
random media, a new wavefront analysis method based on geometric optics 
approximation is proposed. In this method, a simplified geometric optics 
approximation and iterative calculation based on forward scattering was adopted. 
The attenuation and the scattering waveform of the annular beam in random 
media was simulated. By this simulation, a scattered light waveform with a center 
peak was obtained at the optical axis with a certain propagation distance and 
media concentrations. The numerical analysis results were compared with the 
experimental results. 
 As the random media used in this study, the diluted milk solution was used. The 
main scatters in random media are the fat and casein, which have the average 
diameters of 1.1 µm and 0.1 µm, respectively. In this simulation, the scattered light 
caused by casein was ignored because of the following reasons: 
ⅰ. Compared with the casein, the diameter of the fat is 10 times bigger, and its 
scattering intensity strength is 100 times bigger, which is determined by scattering 
cross-section. It means that the intensity of the scattered light caused by fat is 100 
times stronger than that caused by casein. 
ⅱ. Because the wavelength of the light source (660nm) is close to the diameter of 
the fat in the milk solution. Mie scattering occurred in this condition. In this case, 
the anisotropic parameter g is 0.936. The almost scattered light flies to the forward 
direction. On the other hand, the scattering caused by casein is Rayleigh scattering 
because diameter of casein is smaller than the wavelength of the light source. 
Moreover, it can be considered as the isotropic scattering. It is because only the 
forward scattering light was measured in our experiment. As compared with the 
strength of the forward scattering caused by fat particles, the forward scattering 
light caused by casein can be ignored. 
For the forward scattering light calculation, the variation of the propagation 
direction which is caused by refraction was also ignored in our simulation. For 
shortening the calculation time, we calculate the 2D results firstly, then translate 
the 2D results to 3D results by rotating them around the optics axis. All the 
algorithm presented in this chapter is based on 2D. 
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4.1 Model of the single scattering  
 
As we mentioned in Sec 2.6, Mie theory is one of the theory which can analyze the 
single scattering caused by a spherical particle. In our experimental condition, the 
concentration of the random media is high, and the distance between the particles 
is quite close. Scattered light caused by the particles affects each other due to the 
interference. For this reason, Mie theory is not fit for simulating the multiple 
scattering in this condition because its calculation is based on the scattering angle, 
which directs to a far position from the particle. The result of the geometric optics 
approximation is similar with the result of Mie theory when the size of scattering 
particles is larger than the wavelength of the light source. This approximation can 
be operated simply by using the Fresnel diffraction calculation, which can deal 
with the effect of the interference. For these two reasons, the geometric optics 
approximation was adopted in the analysis of the single scattering. 
For a common geometric optics approximation, the scattering light is determined 
by the effect of reflection, diffraction and refraction. Because only the forward 
scattering light was tracked in our study, only the transmitted light and diffraction 
light here was considered in our algorithm. While the secondary wave propagates 
through the bound of the particles, the scattered light with a large scattering angle 
is ignored. For this reason, the light is assumed to propagate straightly through 
the particles, and the diffraction light is calculated by using straight optical path. 
The model used in the calculation is shown in Fig. 4.1.  
 
 
Fig.4.1 Geometric optics approximation. 
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Generally, we cannot ignore the variation of the polarization when we calculate 
the scattering light caused by multiple scattering. In this study, only the forward 
scattering light is tracked. The forward scattering light does not change its 
polarization, so that the variation of polarization is ignored here. The formula used 
in the calculation of diffraction is shown in Eq. (4.1). 
 
𝑢(𝑥, 𝑦) = ∫
𝑢0(𝑥0,𝑦0)
𝑙
exp(−𝑗𝑘𝑙)𝑑𝜎                   (4.1) 
 
u0, u are the amplitudes of the incident light and scattering light; (x0, y0), (x, y) are 
the positions on the incident plane and output plane; k is wave number; l is the 
propagation distance from (x0, y0) to (x, y), dσ is the light source in the position of (x0, 
y0). As shown in Fig. 4.1, the optical path in the water (n1) and particles (n2) are l1 
and l2，optical path l can be expressed as Eq. (4.2).  
 
𝑙 = 𝑙1 ∙ 𝑛1 + 𝑙2 ∙ (𝑛2 − 𝑛1)                      (4.2) 
 
 
 
Fig. 4.2 Optical path calculation when light propagates in random media. 
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For calculating the optical path of l, the position of the particles and the 
propagation direction of the beam need to be clarified. But the position of the 
particle is random here. Generally, the position of the particle is determined by a 
random number, the optical path can be calculated after the position of particle is 
determined.  
In this study, for shortening the calculation time, a new algorithm is proposed as 
shown in Fig. 4.2. Considering an area with 1 mm × 1 mm, while a narrow beam 
with a diameter of dσ (shown in Fig. 4.1) propagates through this area, the 
projection area of this beam in the plane is M = l1∙dσ. According to the concentration 
of the random media, we can calculate the number of the particles in the unit area, 
which is n. When the total area of 1 mm × 1 mm is divided into n parts, the area 
occupied by one particle is N = (1 / n) mm2. The probability that the beam hits the 
particle will be S = M / N. Here, a random number is created, which is in the region 
from 0 to 1. When the random number is larger than S, we consider the beam will 
not hit the particle. The path in particle l2 is zero. In the case that the random 
number is smaller than S, we consider that the beam will propagate through the 
particle. Then we create another random number r, which is in the region from 
zero to D, D is the diameter of the particle. r is the path in particle. By this method, 
the position of the particle is not needed in this calculation. It can save the 
calculation time, which is used to judge the relationship between the beam and the 
position of the random particle. 
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4.2 Model of the multiple scattering  
 
 As the experimental results of our previous work, the non-diffractive beam was 
transformed in the concentration of 0.8% - 1.0%. The transport mean free path can 
be expressed as Eq. (4.3), 
      
𝐿∗ =
1
𝑛𝜋𝑎2(1−𝑔)𝑄
                             (4.3) 
 
a is the radius of the fat，n is the number of the fat in the unit volume，Q is the Q 
value of scattering cross-section area in Mie theory，g is the anisotropic parameter. 
 Considering the projections of all the particles do not overlap with each other. 
Then, the transport mean free path calculated by Eq. (4.3) is 4 - 5 cm at the 
concentration of 0.8%. The light is scattered 4 - 5 times from the incident plane to 
the output plane of 20 cm cube media tank. This process can be considered as 
multiple scattering. 
To extend the single scattering mentioned in Sec. 4.1 to the multiple scattering 
model, the whole random media plane was divided into multiple-layers at the 
direction of light propagation. Then one layer was also divided into several cells. 
For one cell, the number of the particles in a cell is quite small, the scattering light 
can be calculated as single scattering by using geometric optics approximation as 
shown in Fig. 4.2. The detail of the algorithm is shown in Fig. 4.3. The random 
media plane with 200 mm was divided into 200 layers (Fig. 4.3(a)). The calculation 
in one layer is divided into the calculations in cells (Fig. 4.3(b)). After the scattering 
light in cells was calculated, the results were combined into the scattering light in 
one layer as the incident beam of the next layer. By repeating this process, the 
multiple scattering can be expressed by single scattering. In our calculation, we 
calculated the scattering light in the cell with 1 mm × 1mm as the unit. In the case 
of 1.0% concentration, the number of particles in this cell is about 300. Because we 
only measured the forward scattering light, it can be considered as single 
scattering. By this process, we can get the results of scattering light in 2D, and 
then we extend the results from 2D to 3D. 
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(a) Repetition calculation in the layers 
 
 
(b) Calculation in one layer. 
 
Fig. 4.3 Analysis model for multiple scattering (view from above). 
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4.3 Calculation results of single scattering  
 
For verifying the validity of the simplified geometric optics approximation 
proposed in Sec. 4.1, the calculation result was compared with the results 
calculated by Mie theory. The single scattering light caused by a water particle in 
air was calculated. The wavelength of light source was 630 nm, the refractive index 
of the water was 1.33, the size of the water particles was 4 μm, 10 μm and 15 μm. 
 Figure 4.4(a) shows the results calculated by geometric optics approximation. In 
the calculation of geometric optics approximation, the transmitted light is included 
in the results from 0° to 5°. Because the Mie theory does not calculate the 
transmitted light, for comparison, result from 0° to 1° was cut. The component of 
the transmitted light was considered in the calculation of multiple scattering 
waveform. The results calculated by Mie theory is shown in Fig. 4.4(b). At the 
region from 5° to 20°, the variation of the intensity, the position and the value of 
the peaks had good agreement with each other. Because the calculation by 
geometric optics approximation included the transmitted light, the results of the 
region from 0° to 5° does not coincide perfectly. 
 From this result, it is known that this geometric optics approximation is valid for 
the analysis of scattering waveform calculation in our experimental condition. 
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(a) geometric optics approximation 
 
 
(b) Mie theory 
 
Fig. 4.4 Single scattering waveform calculated by (a) geometric optics approxi-
mation; (b) Mie theory. 
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4.4 Results of wavefront analysis 
 
The results of the light transmittance rate and scattering waveform were analyzed 
based on geometric optics approximation. The wavelength of the light source is 660 
nm, the average diameter of the scatter (fat) is 1.1 μm, the refractive index of the 
water and fat is 1.33 and 1.45, respectively. The results shown in Fig. 4.5 to Fig. 
4.7 are all 3D results, which are converted from the calculated 2D results. 
 In the calculation of the light transmittance rate, the incident beam was set as 
Gaussian beam with diameter of 1 mm. After it propagated 200 mm in the random 
media of diluted milk solution, the intensity in the center optical axis with width 
of 1mm was calculated. The light transmittance rate is the ratio between the 
scattering light and incident light. The experimental result and calculated result 
are shown in Fig. 4.5. The calculated light transmittance rate dependent on the 
concentration coincides well with the experimental result. This result 
demonstrates that the cut part from 0° to 1° in Fig. 4.4 (a) is valid for the 
calculation of multiple scattering. 
 
 
 
 
 
 
 
Fig. 4.5 Transmittance of Gaussian beam in random media. 
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 In the low concentration of 0.1% to 0.4%, the single scattering is dominant. The 
light transmittance rate decreased fast as the increase of the concentration. In this 
region, the scattering coefficient σ1 is 158 cm-1. It has agreement with the results 
calculated by Mie theory. 
Over the concentration of 0.5 %, the effect of the multiple scattering become larger. 
The decrease of the light transmittance rate became slow. Over the concentration 
of 0.8%, the multiple scattering is dominant. The scattering coefficient σ2 is 23 cm-
1. On the other hand, at the 0.8% concentration, using anisotropic parameter g = 
0.936, the scattering coefficient calculated from Mie theory is 23.3 cm-1. The 
anisotropic parameter g is calculated from Eq. (4.4) 
       
𝑔 = ∫ 𝑝(𝜃)
𝜋
0
cos(𝜃) ∙ 2𝜋 ∙ sin(𝜃) ∙ 𝑑𝜃                 (4.4) 
 
θ is the scattering angle; p(θ) is the function which express of the possibility of the 
light appearance in the scattering angle.  
 By using the same method, the scattering waveforms of the annular beam 
propagation in random media were calculated. The diameter of the annular beam 
was set to 40 mm, and the thickness of the annular beam was set as 3 mm. 
Figure 4.6(a), (b) show the calculated results and experimental results of 
scattering waveform of annular beam propagation in random media at the 
concentration of 0.8 % and 1.0 %, respectively. In the case of 0.8% concentration, a 
peak with 6 mm appeared in the center, which is the same with the experimental 
results. In the case of the 1.0% concentration, three peaks appeared at the region 
from -8 mm to 8 mm, which is also the same with the experimental results. 
Although in the calculation result, there were other two peaks in the two side.  
The calculation in these two results has agreement with the experimental results, 
which shows the algorithm is valid for the analysis of the multiple scattering in 
random media. 
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(a) media concentration of 0.8% 
 
 
(b) media concentration of 1.0% 
 
Fig. 4.6 Annular beam propagation pattern in random media at concentration of 
(a) media concentration of 0.8%; (b) media concentration of 1.0%. 
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4.5 Discussion  
 
The scattering waveform of the annular beam propagation in random media at the 
concentration of 0.9% was also analyze, which is shown together with the results 
of 0.8 % and 1.0% in Fig. 4.7(a). As the concentration of the milk solution decreased 
the scattering intensity of the whole waveform and the center peak become larger, 
and the sidelobes move to the center. On the other hand, in the experimental result, 
an annular beam with diameter of 40 mm and thickness of 1 mm was emitted into 
the milk solution of 0.8% concentration. The scattering waveforms were measured 
after 11, 49 and 86 min, as shown in Fig. 4.7(b). The concentration of the milk 
solution in the center of the media tank becomes low because of the precipitation 
of fat in the milk (the concentration is 0.80 %, 0.62 % and 0.53 % respectively). The 
scattering intensity of the whole waveform and the center peak become larger, and 
the sidelobes move to the center, which is the same with the results of analysis. 
The center peak light in Fig. 4.7(a) and (b) appeared on different concentrations, 
this is the reason that the annular beam with different thickness was used in the 
simulation (a) and experiment (b). According to the results of and Fig. 3.16 in 
Sec.3.2.5, the annular beam is transformed into non-diffractive beam at a short-
distance when the annular beam with a thin thickness propagates in air. In the 
case of the propagation in random media, the center peak light is created at low 
concentration while the annular beam with a thin thickness propagates in random 
media. It can be inferred that the concentration is relative to the propagation 
distance when the light propagation in random media is compared with the light 
propagation in air.  
 On the other hand, compared to the light in the center of the waveform, the light 
propagated to two side has a large time difference. It makes the coherence worse. 
The Brownian movement of the random particles is also a reason which makes the 
coherence becomes low. In this analysis algorithm, random media particles are 
considered as static, and the light can keep its coherence no matter how long it 
propagates. The dynamic fluctuation in random media is also not considered. 
These may be the reasons why the second sidelobes are not measured in our 
experiment in Fig. 4.6(b). 
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(a) Simulation 
 
 
(b) Experiment 
 
Fig. 4.7 Variation of annular beam propagation pattern in random media with 
different concentration: (a) simulation; (b) experiment. 
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5 Analysis of center peak light in random media based 
on diffusion theory  
 
As the experimental results presented in Fig. 3.13 and Fig. 3.14, it can be known 
that the scattered waveform transformed from the annular beam in random media 
is composed of the center peak and the surrounding part. The center peak light 
measured at different receiving distances has the same intensity ratio and width, 
which means that it was transformed from the forward scattering light. The 
surrounding part caused by the multiple scattering light has the propagation 
property of the spherical wave. On this premise, we developed the theoretical 
analysis based on diffusion. 
 
5.1 Principle of light diffusion in random media 
 
Two main tools were used to analyze the scattered light in our study: Fresnel 
diffraction theory and diffusion theory which are explained in Sec. 2.1 and 2.6, 
respectively. 
In this analysis, the power of the light source is considered as a constant, and 
only the condition that the concentration of the random media of the diluted milk 
is over 0.6% is discussed. In this condition, multiple scattering is dominant. The 
effect caused by temporal change (fluctuation) in media is not discussed here. The 
scattered light can be dealt by the superimposition of the isotropic scattering. The 
cross-sectional scattered waveform behind the media tank as shown in Fig. 3.1 was 
calculated. Referring to Fig. 5.1, the total scattered light intensity can be simply 
expressed as Eq. (5.1). 
  
𝐼(𝑥, 𝑦) = ∫
𝐼0(𝑥0,𝑦0)
4𝜋𝑙0
2 exp(−𝜎𝑁(𝑙 − 𝑙0)) ∙ 𝑑𝑠                   (5.1) 
 
where, (x0, y0), (x, y) are the positions on the incident plane and output plane, 
respectively. σ is scattering coefficient determined by the concentration of random 
media; l0 is the length of the random media; l is the propagation distance; N is 
density of the particle number depending on the concentration of the random 
media. 
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Fig. 5.1 Forward scattering light measurement. 
 
The received forward scattering light intensity as shown by the red arrow in Fig. 
5.1 can be expressed as Eq. (5.2). 
 
𝐼(𝑥, 𝑦) = ∫
𝐼0(𝑥0,𝑦0)
4𝜋𝑙0
2 exp(−𝜎𝑁(𝑙 − 𝑙0)) ∙ cos(𝜃) ∙ 𝑑𝑠               (5.2) 
 
Here, θ is the scattering angle. The tangent of the scattering angle θ is defined as 
ratio between x and l, and it is equivalent to the cosine of the green arrow in Fig. 
5.1. 
For calculation of the interference of the forward scattering light in random media, 
the intensity and the phase are needed. Fresnel diffraction equation was used to 
examine the intensity and the phase distributions of the forward scattering light, 
which is expressed as Eq. (5.3). 
         
𝑢(𝑥, 𝑦) = ∫
𝑢0(𝑥0,𝑦0)
𝑙
exp(−𝑗𝑘𝑙) ∙ 𝑑𝑠                        (5.3) 
 
where, u is the amplitude of the observed light, the light intensity can be expressed 
as |u|2; u0 is the amplitude of the incident beam; k is the wave number and l is the 
propagation distance. 
  
l0
x
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5.2 Calculation algorithm 
 
Figure 5.2 shows the algorithm of the analysis. To simplify the calculation, the 
Gaussian beam propagation in random media, which is at the position of 20 mm 
away from the center of the optical axis, is analyzed at first. Then the forward 
scattering light from the propagating Gaussian beam in random media is 
calculated (② to ③). The annular beam can be created by rotating the off-axis 
Gaussian beam (② to ①), thus, the forward scattering light of the annular beam 
can be calculated with the same process. By superimposing the intensity and the 
phase of the off-axis wavefront ③ with rotation (the detail will be presented in 
Sec.5.3), the propagation pattern of the forward scattering light from the annular 
beam in random media can be obtained (③ to ④). Wavefront ④ is the component 
contributed by the forward scattering light in the random media. In the component 
of the multiple scattering light, it can be simply calculated by Eq. (5.1) (① to ⑤) 
because the scattering is considered as a spherical waveform, and the phase is 
ignored. Finally, combining the forward scattering light ④  and multiple 
scattering light ⑤, the total scattered waveform ⑥ can be obtained, which is 
equivalent to the experimental results. 
 
 
 
 
 
 
Fig. 5.2 Algorithm of propagation pattern of annular beam. 
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5.3 Gaussian beam propagation in random media 
 
Firstly, the algorithm was checked by using a simple Gaussian mode. The forward 
scattering light extracted from the multiple scattered light (the red arrow part in 
Fig. 5.1) in the Gaussian beam in random media can be calculated by Eq. (5.2). The 
propagation distance was set to 20 cm, and the width of the Gaussian beam was 
set to 3mm. These parameters are equivalent to the length of the media tank and 
the thickness of the annular beam used in the experiment, respectively. 
Figure 5.3 shows the experimental and simulated results of the forward 
scattering light of the Gaussian beam propagated in the random media at the 
concentrations of 0.6% and 1.0%. The parameter σ in Eq. (5.2) was calculated from 
the particle size, refractive index and concentration of the random media according 
to Mie theory. σ was set to 35 cm-1 and 8 cm-1 when the concentrations of the 
random media were 0.6% and 1.0%, respectively. The analysis result shows a good 
agreement with the experimental result. For the concentration of 0.6%, the 
multiple scattering caused by particles in random media can be considered as the 
isotropic scattering. 
 
 
 
 
 
Fig. 5.3 Forward scattered waveform from the Gaussian beam propagated in 
random media at different concentrations. 
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For the calculation process from ③ to ④ shown in Fig. 5.2, the phase of the 
forward scattering light needs to be extracted from its intensity distribution. 
In Chap. 3, it was found that the intensity variation of the center peak (forward 
scattering light) of the scattered waveform in random media had the same 
tendency with that in air. The process of the generation of the center peak in 
random media can be similarly considered as the light propagation in air with a 
special condition. In other words, the forward scattering light in random media 
has similar propagation property with that of straight light in air.  
According to this similarity, a new method to extract the phase of forward 
scattering light of the Gaussian beam in random media was proposed by the 
following process: (ⅰ) using Fresnel equation of Eq. (5.3), propagate the Gaussian 
beam until its waveform spreads and becomes to the same shape with the 
waveform obtained in random media as shown in Fig. 5.3; (ⅱ) extract the phase 
from the calculation result of (ⅰ). 
Taking the divergence of the Gaussian beam in experiment into account, the light 
propagation in air was simulated by using Eq. (5.3), and the phase was extracted 
from the waveform when the diffracted Gaussian beam had the same shape with 
the result at 0.6% concentration and as shown in Fig. 5.3. In this case, the 
propagation distance in air is 310 m, the phase of the forward scattering light of 
Gaussian beam was extracted as shown in Fig. 5.4. This phase distribution was 
used to calculate the result of the forward scattering light of the annular beam 
propagation in random media in Sec. 5.4. 
 
 
 
Fig. 5.4 Phase distribution of the forward scattering light of Gaussian beam in 
random media (20cm) at concentration of 0.6%. 
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5.4 Forward scattering light of annular beam in random media 
 
With the algorithm shown in Fig. 5.2, the forward scattering waveform of the 
annular beam propagation in random media was calculated by rotating the 
forward scattering waveform of the Gaussian beam with off-axis from the center. 
The calculation includes the amplitude and the phase. Using the forward 
scattering waveform of Gaussian beam in Fig. 5.3 and the phase distribution of the 
forward scattering light in Fig. 5.4, the waveform of the forward scattering light of 
the annular beam in random media was calculated. The result is shown in Fig. 5.5. 
The forward scattering light of the annular beam in random media has a similar 
intensity distribution with a quasi-Bessel beam. This part mainly contributes to 
the center peak of the scattered waveform.  
 
 
 
 
 
Fig. 5.5 The calculated results of the forward scattering waveform of the annular 
beam propagation in random media. 
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5.5 Scattered waveform in random media 
 
To calculate the scattered waveform generated in random media, the waveform of 
the multiple scattering light is also needed. The process ① to ⑤ in Fig. 5.2 can 
be simply calculated by Eq. (5.1). The light source is set as an annular beam which 
is produced by the rotation of the off-axis Gaussian beam.  
Because the forward scattering light and the multiple scattering light have the 
different attenuation in random media, these two parts need to be set with 
different scattering coefficients before adding these two parts. Compared with the 
multiple scattering light, the forward scattering light is scattered less times in 
random media because it has a short optical path than multiple scattering light.  
The value of the scattering coefficient for the forward scattering light should be 
larger than the multiple scattering coefficient and smaller than the single 
scattering coefficient (explained in Fig. 3.19 in Sec. 3.3.1). The scattering 
coefficient for the forward scattering light can be calculated from the variation of 
light attenuation (gradient of the attenuation curve) in random media. In the case 
of the concentration of 0.6%, it was set to 23 cm-1. The value of the multiple 
scattering coefficient for multiple scattering should be close to the scattering 
coefficient σ2 (shown in Fig. 3.19) when the concentration is much higher (over 
2.0 %). According to experimental result, the multiple scattering coefficient is set 
to 3 cm-1. 
 Taking the attenuation due to scattering in random media into account, and 
adding the multiple scattering light of annular beam propagation in random media, 
the scattered waveform in random media at concentration of 0.6% was calculated 
as shown in Fig. 5.6. It can be confirmed that the forward scattering light appears 
in the center, and the width of the center peak is 6 mm which is the same with the 
experimental results. 
On the other hand, the scattered waveform at the concentration of 1.0% was also 
calculated as shown in Fig. 5.7. The center peak appeared in Fig. 5.6 cannot be 
confirmed in the case of 1.0% concentration. The reason is discussed in Sec. 5.7. 
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Fig. 5.6 Scattered wavefront in random media at the concentration of 0.6%. 
 
 
 
 
 
Fig. 5.7 Scattering wavefront in random media at the concentration of 1.0%. 
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5.6 Scattered waveform propagation property in air 
 
To compare with the experimental results, the obtained waveform shown in Fig. 
5.6 was simulated to propagate at the receiving distance of 6 cm and 100 cm from 
the output plane in air. The comparison of simulation and experimental result is 
shown in Fig. 5.8. The intensity of 20 mm away from the center is normalized to 
unity at the propagation distance of 6 cm in air. In this simulation, the center part 
of the forward scattering light is propagated straightly, and the surrounding part 
of the multiple scattering is propagated as spherical wave. It can be confirmed that, 
the center peak did not change its shape after the propagation, which has a good 
agreement with the experimental result. On the contrary, the surrounding part 
spreads as the receiving distance increases in air.  
The simulation result also proves that the center peak light can propagate at the 
forward direction in air. It is the evidence that the center peak light is transformed 
from the forward scattering light in random media. 
 
 
 
 
 
 
Fig. 5.8 Scattered wavefront propagation in air. 
  
1
1.01
1.02
1.03
1.04
1.05
1.06
-20 -15 -10 -5 0 5 10 15 20
In
te
n
si
ty
 (
a.
u
.)
Position (mm)
6cm-simulation
6cm-simulation
100cm-simulation
100cm-experiment
82 
 
5.7 Condition for generating center peak light in random media 
 
As the result of variation of the calculation condition, the percentage of the forward 
scattering light intensity in the whole scattered light intensity becomes smaller as 
the concentration of the random media increases. Because the scattering 
coefficient of the forward scattering is always larger than that of multiple 
scattering, and according to the calculation of the Lambert-Beer law, the 
attenuation ratio between forward scattering and multiple scattering becomes 
larger. As the concentration of the media increases to a certain value, the quasi-
Bessel beam transformed from forward scattering in Fig. 5.5 becomes very weak, 
which it is difficult to be distinguished from the multiple scattered light due to the 
strong scattering. 
In our experimental work, it is found that the annular beam transformed into 
center peak light at the concentration of a certain range (0.4% - 0.6%) when the 
propagation distance is 20 cm. Over the concentration of 0.7 %, the center peak 
could not keep its shape anymore because of strong multiple scattering. It coincides 
with the discussion presented above, and proves that the center peak light can be 
generated only in a certain range of concentration. 
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6 Conclusion  
 
In this thesis, the generation of the interfered center peak light transformed from 
an annular beam and its propagation property in random media were studied.  
The experiments of annular beam propagation in random media with the varies 
of media condition, light sources and receiving conditions were accomplished. As 
the polarization property, it is found that the center peak light is transformed from 
the same polarized light with the incident beam because only this polarized light 
can maintain its coherence. The center peak light does not spread while it 
propagates 1 m in air, which means that it propagates at the forward direction. 
For the optimized center peak light at different propagation distances, a shorter 
random medium with a higher concentration can generate a higher intensity ratio 
of the center peak light. For the concentrations at the different propagation 
distance, in which the optimized center peak light is transformed, the random 
media has almost the same scattering coefficient, near 22 cm-1. By using this 
principle, a method for optimizing the center peak light generation in random 
media was proposed, which was based on using forward multiple scattering weight 
α, the scattering coefficient σ and the transmittance curves of light propagation in 
random media. The correlation between the annular beam propagation in random 
media and that in air was discussed. It is found that the variation of the center 
peak light transformed by annular beam in random media has similarity with the 
center intensity of annular beam propagation in air. The phenomenon of the center 
peak light in random media was also discussed with the other phenomena of light 
enhanced in random media such as Anderson localization, random laser and so on. 
It is discussed that the center peak light has a different characteristic with the 
other phenomena. It is concluded that the center peak light is the interfered light 
transformed from the forward scattering light, which can propagate at the forward 
direction. 
For wavefront analysis in random media, a forward scattering light analysis 
based on simplified geometric optics approximation and iterative calculation was 
adopted. The multiple scattering process in random media was solved by repeating 
the single scattering problem. Monte Carlo method was also adopted for 
simplifying the calculation. The calculation results of single scattering and 
multiple scattering were compared with the results calculated from Mie theory and 
the experimental results, respectively. The results based on geometric optics 
approximation showed good agreements with Mie theory and experiment result. It 
is inferred that the center peak light is transformed from the forward scattering 
light. Not only limited to the concentration, this method can be also applied to 
calibrate the other parameters such as propagation distance in random media or 
size of the random particles, which can help us optimize the center peak light 
generated by annular beam in random media.  
For verifying process of the generation of the center peak light in random media, 
an original theoretical analysis method based on diffusion theory was proposed. 
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The parts of the forward scattering light and the multiple scattering light 
propagation in random media were calculated, respectively, and combined with the 
appropriate attenuation weight. It is found that the forwarding scattering light 
has an intensity distribution similar with the quasi-Bessel beam. The analysis 
results of the scattered waveform coincided with the experimental results. It can 
be utilized in the analysis of other annular beam propagation in random media, 
which have different size and thickness. Finally, the condition for generating a 
center peak light in random media was discussed. 
As a conclusion, the annular beam propagation in random media was studied 
through experiment and analysis, and we accomplished controlling the generation 
of the interfered center peak light in random media. It is confirmed that the center 
peak light is transformed from the forward scattering light.  
As to further the work, model construction and analysis of annular beam 
propagation in random media of ultra-high concentration (a few tens of percentage 
of the diluted milk) similar with human tissue needs to be studied both in 
experiment and theoretical analysis. The propagation characteristics of the 
annular beam in random media is excepted to be applied to the thick atmospheric 
cloud remote sensing. This study can be also applied as a probe in media 
concentration test or human tissue pathology examination in medical field. 
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